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2.  Preliminaries.  General  background. 

In  this  section  we  introduce  the  coordinate  systems,  and  the  notations  which  will  be  used  in 
the  subsequent  development.  We  also  record  some  relevant  results  from  classical  three- 
dimensional  continuum  mechanics. 

2.1  Coordinate  Systems 

Let  the  points  of  a  region  i?^in  a  three  dimensional  Euclidean  space  be  referred  to  a  fixed 
right-handed  rectangular  Cartesian  coordinate  system  x*  (i  =  1,2,3)  and  let  T|’  (i  =  1,2,3)  be  a  gen¬ 
eral  convecud cvuviimear  coordinate  system  defined  by  the  transformation 

X*  =  (2.1) 

We  assume  the  above  transformation  is  nonsingular  in  i.e., 

det(-^);tO  (2.2) 

This  implies  the  existence  of  the  unique  inverse  such  that 

T^i  =  -n'(xi,x2,x3)  (2.3) 

We  recall  that  a  convected  coordinate  system  is  normally  defined  in  relation  to  a  continuous 
body  and  moves  continuously  with  the  body  throughout  the  motion  of  the  body  from  one 
configuration  to  another. 

Throughout  this  work,  all  Latin  indices  (subscripts  or  superscripts)  take  the  values  1,2,3;  all 
Greek  indices  (subscripts  or  superscripts)  take  the  values  1,2  and  the  usual  summation  conven¬ 
tion  is  employed.  We  will  use  a  comma  for  partial  differentiation  with  respect  to  either  space  or 
surface  coordinates  such  as  Ti*  or  r\°-  and  a  superposed  dot  for  material  time  derivative,  i.e.,  dif¬ 
ferentiation  with  respect  to  time  holding  the  material  coordinates,  such  as  T)'  or  "n",  fixed.  Also, 
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we  use  a  vertical  bar  (  I  )  or  a  double  vertical  bar  ( 11  )  for  covariant  differentiation  in  2  and  3 
dimensional  spaces,  ^-spectively.  Also,  for  convenience,  often  we  set  ^  and  adopt  the  nota¬ 
tion 


=  (2.4) 

As  it  becomes  clear  shortly,  in  order  to  adequately  represent  the  behavior  of  composite  lam¬ 
inate  we  need  to  introduce  a  second  system  of  convected  coordinates.  We  will  designate  this 
latter  system  by  0*  (i  =  1,2,3).  In  addition,  in  the  course  of  derivation  of  various  results  for  the 
composite  laminate  we  will  encounter  covariant  differentiation  with  respect  to  a  coordinate  sys¬ 
tem  which  corresponds  to  composite  continuum.  To  denote  this  we  will  use  a  single  boldfaced 
vertical  bar  (  I  ).  In  what  follows,  when  there  is  a  possibility  of  confusion,  quantities  which 
represent  the  same  physical/geometrical  concepts  will  be  denoted  by  the  same  symbol  but  with 
an  added  asterisk  (*)  for  classical  three  dimensional  continuum  mechanics  or  an  added  hat  ( ‘ ) 
for  the  micro-structure  and  no  addition  for  composite  laminate  (macro-structure).  For  example, 
the  mass  densities  of  a  body  in  the  contexts  of  the  classical  continuum  mechanics,  the  Cosserat 
surface  (micro-structure)  and  the  composite  laminate  (macro-structure)  will  be  denoted  by  p*,  p 
and  p,  respectively. 
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3.  Kinematics  of  micro-  and  macro-structures 

We  begin  our  discussion  of  the  kinematical  results  by  assuming  that  the  position  vector  of  a 
particle  P*  of  a  representative  element  (micro-structure),  i.e.,  in  the  present 

configuration  has  the  form 

p*  =  r(Ti“  03,0  -I-  ^d(Ti“  03,0  (3.1) 

The  dual  of  (3.1)  in  a  reference  configuration  is  given  by 

P*  =  R*(ti“  03)  H-  ^D(ti“  03)  (3.2) 

If  the  reference  configuration  is  taken  to  be  the  initial  configuration  at  time  t  =  0,  we  obtain 
P*(ti“,4,03,O)  =  r(7i“,03,O)  4d(Tl“,e3,0) 

=  R(ti“  03)  +  ^D(ti“,03) 

=  P(ti“,^,03)  (3.3) 

The  velocity  vector  v*  of  the  three-dimensional  shell-like  micro-structure  at  time  t  is  given 
by 

V*  =  _  p*(7^a  ^^03  t)  (3  4) 

where  a  superposed  dot  denotes  the  material  time  derivative,  holding  T)'  and  0*  fixed.  From  (3.1) 
and  (3.4)  we  obtain 

V*  =  v  (3.5) 

where 

v  =  r  ,  w  =  d  (3.6) 

From  (3.1)  we  have 
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gi  =  a<.  +  5^  .  g3-  =  d  (3.7) 

where  aa  are  the  surface  base  vector  of  the  surface  So-  The  base  vectors  gi*(Tl“,^,0^,t)  in  (3.7) 
when  evaluated  on  the  surface  So‘^  =  Q  reduce  to 


g^(Ti7,0,e3.t)  =  aa(TlTf,e3,t) 

g3*(TlY,0,e3,t)  =  d(TlY,e3,t) 

where  g*  satisfy  the  condition 


(3.8) 


[gig^gsl’^O  (3.9) 

This  restriction  holds  for  all  time  and  values  of  il‘  =  {T|“4}  and  03,  In  particular,  it  is  valid  for 
4  =  0  so  that  by  (3.9)  we  also  have 


[aia2d];t0  (3.10) 

this  condition  implies  that  the  director  d  cannot  be  tangent  to  the  surface  Sq. 

We  recall  that  the  director  d  is  a  three-dimensional  vector  and  it  can  be  written  as 

d  =  dig‘  =  d‘gi  ,  di  =  gi-d  ,  d>  =  g'jdj  (3.11) 

where  dj  and  d‘  denote  the  covariant  and  contravariant  components  of  d  referred  to  g‘  and  gi, 
respectively.  The  gradient  of  the  director  d  may  be  obtained  as  follows: 

<>.i  =  (d^gj).i  =  dj.igj  +  djgj.i  =  dj.igj  +  dj{i  j)gj 

=  dj.igj-»-d''{iik)gj 
=  (dj,i+  {i^k)d‘')gj 

=  di,igj  (3.12) 
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where  {  }  stands  for  the  Christoffel  symbol  of  the  second  kind  and  a  vertical  bar  (  1  )  denotes 
covariant  differentiation  with  respect  to  gy.  In  obtaining  (3.12)  we  have  made  use  of  the  tensor 
identity 


gj,i  —  {i  j}gk 

For  convenience  we  introduce  the  notations 

^j  =  &-dj  =  diij 

Xij  =  gi.d.j  =  di,j 

From  (3.14)  it  is  clear  that 

Making  use  of  (3.14)  we  may  rewrite  (3.12)  as 

di  =  Xjigj  =  Mgj 

Consider  now  the  velocity  vector  v  which  can  be  written  in  the  form 

V  =  V‘gi  =  Vig* 

Since  the  coordinates  0‘  are  convected,  it  follows  that 

Vi=V|j  =  gi 

Following  the  same  procedure  used  in  (3.12),  we  can  reduce  (3.18)  to 


(3.13) 


(3.14) 


(3.15) 


(3.16) 


(3.17) 


(3.18) 
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V  i  =  (vjgj).i  =  vj.igj  +  vJgj,i  =  vj.igj  +  (i  j)vigk 
=  vj.igj+  {ijk)v*^j 
=  (vj.i+  {ijk}v‘')gj 

=  vj|jgj  (3.19) 

where  in  obtaining  (3.19)  we  have  made  use  of  (3.13)  and  (3.17).  We  now  introduce  the  nota¬ 
tions 


Vij  =  gi- Vj  =  Vi,j 
Vij  =  gi-Vj  =  vi,j 


From  (3.20)  it  is  clear  that 


(3.20) 


v'j  =  g'‘'Vklj  (3.21) 

Making  use  of  (3.20),  we  may  rewrite  (3.19)  as 

Vi  =  Vjigj  =  vjigj  (3.22) 

We  observe  that  both  Xy  and  Vy  represent  the  covariant  derivative  of  vector  components  and 
hence  transform  as  components  of  second  order  covariant  tensors. 

Since  Vy  is  a  second  order  covariant  tensor,  we  may  decompose  it  into  its  symmetric  and  its 
skew-symmetric  parts,  i.e., 


Vij  =  V(y)  -I-  Vjij]  -  Tly  +  tOy  (3.23) 

where 


=  ''(ij)  =  -J  ('"ij  +  ^ji) 


(3.24) 
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and 


~  ''[ij]  ~  "J"  ('^ij  '^ji)  (3.25) 

represent  the  symmetric  and  the  skew- symmetric  parts  of  Vy,  respectively.  From  (3.24)  and 
(3.25),  after  making  use  of  (3.18)  and  (3.20),  we  have 

Tlij  =  y  (Vij  +  Vji)  =  (gi  .  gj  +  gj  •  gi)  =  ^  (gi  •  gj)  =  y  gij  =  Tlji  (3.26) 


and 


“ij  =  T  (Vij  -  Vji)  =  ^  (gi .  gj  -  gj  .  gi)  =  -tOji 

Also,  in  iew  of  (3.18)  and  (3.23),  we  may  express  gi  in  the  form 


(3.27) 


gi  =  v,i  =  (Tiki  +  0)ki)g‘'  (3.28) 

Moreover,  the  time  rate  of  change  of  the  determinant  of  gy,  i.e.,  g  is  obtained  as  follows 


g  =  det(gij)  =  (det(gkj))gk;  =  gg'jgij 

where  we  have  made  use  of  the  formula  for  the  derivative  of  a  determinant,  namely 


(3.29) 


■g|;j-(det(gij))  =  ggk/ 


(3.30) 


Also,  by  making  use  of  the  relation 


g‘%kj  =  5'j 


(3.31) 


we  obtain  an  expression  for  g'J  as  follows 


(g'Jgkj)  =  5'j  =  0 
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or 


g'%ki  =  -g^gkj 


or 


or 


g^bi  =  -  g ^jgkj 
or 


gij  =  _  gikgj/g^; 


(3.32) 


Next,  we  proceed  to  obtain  an  expression  for  the  director  velocity  w.  Thus,  we  write 


w  =  d  =  Wkg'^  =  wkgk  =  (digi) 

=  digi  +  digi  =  dig>  +  di(gygj) 

=  dkg‘‘  +  di(gygj  +  g‘Jgj) 

=  4g'‘  +  di(-  g^gj^gk/gj  +  g'j(Tlkj  +  COkPg'^) 

=  ig‘‘  -  d‘‘gj^gk/gj  +  djTikjg*"  +  ditOkjg*' 

=  dkg‘‘  +  d‘(0kig'‘  -  d^gikg*'  +  d'Tikig'^ 

=  dkg''  +  d'tOkig''  -  d'(2Tiik)g''  +  d'Tikig'' 

=  dkg‘'  +  d'((Dki-Tiki)g‘'  (3.33) 

where  in  obtaining  (3.33)  we  have  made  use  of  (3.28)  and  (3.32).  The  gradient  of  the  director 
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velocity  is  obtained  in  a  similar  manner; 

w.i  =  dj  =  (djcg‘').i  =  (Xkig’')  =  Ikig''  +  ^kig^ 

=  ^kig*'  +  ^ki(g‘‘jgj)  =  ^kig'^  +  +  g^'jgj) 

=  ^kig''  +  >-ki(-g*™gJ^gni/gj)  +  Xldg’^^Tlmj  +  0)nij)g"’ 

=  ^kig’^  -  >."‘igm/g/  +  ^i(Tlmj  + 

=  ^kig‘‘  -  >-'"i(2Tlm/)g/  +  ^iTlkjg‘‘  + 

=  ^kig*'  +  ^^iOJkjg^  -  2XjiTljkg‘'  +  AJiTlkjgk 

=  Xkig‘‘  +  M(C0kj-'nkj)g‘'  (3.34) 

The  dual  of  expressions  (3.7)  to  (3.16)  in  the  reference  configuration  follows  from  (3.2)  in  a 
similar  manner  and  is  given  by: 


G*  =  Aa  +  ^D.a  ,  G*  =  D  (3.35) 

Ga(TlT'.O,e3)  =  Aa(Tin03) 

(3.36) 

G3*(Tir,0,e3)  =  D(Tl7,e3) 

where  G  *,  d  satisfy  the  conditions 

[GfGjGsJ^^O  (3.37) 

and 

[GrG2Dl9tO  (3.38) 


Moreover, 
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D  =  DiG‘  =  DiGi  ,  Di  =  GiD  ,  Di  =  G'JDi 
D.i  =  Dj|iGj  =  AjiGj  =  AjiGj 

where  we  have 


Ay  —  Gj  •  Dj  —  Di  I  j 

Aij  =  Gi  Dj  =  Di,j 


Aij  =  G*Akj 

We  now  introduce  relative  kinematical  measures  Yij,  and  Yi  such  that 


Yij  =  Y  (Sij  “  Gy)  —  -j  (gi  ■  gj  ~  Gj  •  Gj)  -  Yji 


and 


(3.39) 

(3.40) 


(3.41) 


(3.42) 


(3.43) 

(3.44) 


Yi  =  cli-Di  (3.45) 

Making  use  of  (3.7),  (3.1 1),  (3.16),  (3.35),  (3.39)  and  (3.40)  we  may  obtain 

Yap  =  Ypo  =  y  { (ga  +  ‘  (gp  +  ^D,p)  -  (Ga  +  ^D,a)  *  (Gp  +  ^D,p) ) 

=  y  {(gap  ~  Gap)  +  ^[(ga  ’  dp  ~  Gq  ’  D,p)  +  (gp  •  d,a  -  Gp  •  D,a) 


+  ^2(da.dp-Da-Dp)} 


or 
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YaP  -  Ypa  -  Yap  -  -j  ^  a^iP  “  -^a-^ip) 

Also, 


Y(^3  =  Y3a=y{(ga  +  xda)-d-(Ga  +  ^D.a>  D) 

=  -j  {(ga-d-Ga-D)  +  ^(d-da-D-Da)) 


Ya3  —  yia  ~  {Ya  +  ^(d'Xqa  —  D'Ajo)) 

and 

Y33  =  y  (d-d-D-D)  =  ^(d>di-DiDi) 


I 


(3.46) 


(3.47) 


(3.48) 
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4.  Basic  field  equations  for  the  micro-structure 

Making  use  of  the  theory  of  Cosserat  (directed)  surfaces  after  appropriate  integration  of  the 
classical  three-dimensional  equations  of  motion,  across  the  thickness  of  the  micro-structure,  we 
obtain  the  basic  field  equations  for  the  shell-like  micro-structure  as  follows: 

a  :  (pa^^)  =  0 

b  :  pa^/^(v  +  y^w)  =  (N“a'^),a  +  pfa^^ 

c  :  pa^^Cy^v  -h  y^w)  =  (M“a'/^).a  -  ma*/^  -i-  pia'^  (4.1) 

d  :  aa  X  N“  H-  d  X  m  +  d,a  X  M“  =  0 

e  :  p(e)  =  N“  •  +  M“  •  w,a  m  •  w 

where  the  various  field  quantities  appear  in  (4.1)  are 

A  A  _ 

p  =  p(0“,t) :  The  mass  density  of  the  micro-structure  in  the  present  configuration 

V  =  v(0“,t) :  The  outward  unit  normal  to  the  boundary  dT  of  the  microstructure 

N“  =  N“(0“,t  ;v) :  The  resultant  force  per  unit  length  of  a  curve  in  the  present  configuration 

M“  =  M“(0“,t  ;v) ;  The  resultant  couple  per  unit  length  of  a  curve  in  the  present  configuration 
f  =  f(0“,t) :  The  assigned  force  per  unit  mass  of  the  micro-structure 

I  =  1(0® ,t) :  The  assigned  director  force  per  unit  mass  of  the  microstructure 

m  =  m(0“,t) :  The  intrinsic  director  force  per  unit  area  of  the  micro- structure 


BASE 


-  14- 


yo  z=  y«(0“) :  The  inertia  coefficients 


£  =  £(6“,t) :  The  specific  internal  energy  per  unit  mass  of  the  micro-structure 

The  relations  between  the  above  field  quantities  and  the  field  quantities  in  classical  three¬ 


dimensional  continuum  mechanics  are  given  below; 

paW  =  J ^  p yifidl  =  prg->«d5  +  P2-g*>nd5  (4.2) 

palfiya  =  J ^  =  J P2g‘n“<i^  (4.3) 

N“a''2  =  jS'“d5  =  J^‘T'“d4  +  J^r»d5  (4.4) 

M«a>“ = J  ^  r  = J  r“5d4 + jf  r»4d4  (4.5) 

inaw=/^r3d5=j^'r3d4+f  r^d^  (4.6) 

pfain  =  J^p-b-g->«d%  +  [r3)  (4.7) 

pia'^  =  p-b'g‘>«4d^  +  [T-’^l  (4.8) 


The  conservation  laws  for  the  micro- structure  iP,  bounded  by  dT,  may  be  obtained  by 
integration  of  (4.1)a  to  (4.1)e  over  appropriate  range  of  integration  of  the  micro- structure  (i.e., 
Cosserat  surface).  In  this  fashion  we  obtain 
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c  :  •^|^p(yivH-y2w)d(f=  J^(pi-in)dtf+J^^Md5 

X  (v4-yiw)-h  d  x(y*v-Hy2w)]d<^  -  (4.9) 

J^p(r  X  f  +  d  X  Od'f+ J^^(r  x  N  +  d  xM)d^ 

e  :  /^P(£  +  i^dd=  |^p(f  •  V  + 1  •  w)dd+J^^(N  •  v  +  M  •  w)d5 

^  •  ** 
where  l^is  the  kinetic  energy  per  unit  mass  of  the  micro-structure  and  (P  is  an  arbitrary  pan  of 

the  Cosserat  surface  (i.e.,  micro-structure)  with  its  boundary  curve  dT.  The  first  of  (4.9)  is  a 

mathematical  statement  of  the  conservation  of  mass,  the  second  that  of  the  linear  momentum,  the 

third  is  the  conservation  of  the  director  momentum,  the  founh  that  of  the  moment  of  momentum, 

and  the  fifth  is  the  conservation  of  energy. 

In  (4.9)  the  micro-structure’s  contact  force  N  and  contact  couple  M  (director  force)  are 
defined  by 


and  are  related  to  N“ 


rNd^=f  .t*da  ,  f.Md5=f  t*^d^ 
and  M“  as  follows: 


(4.10) 


N  =  N“Va  ,  M  =  M“Va  (4.11) 

where  Vq  (a  =  1,2)  are  covariant  components  of  v. 
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5.  Summary  of  basic  principles  for  composite  laminates 

This  section  contains  a  summary  of  basic  principles  for  composite  laminates.  Also 
included  in  this  section  is  an  explanation  of  various  quantities  appearing  in  the  conservation 
laws.  With  reference  to  the  present  configuration,  these  conservation  laws  are: 

c:  J^p(yW-»-y2w)dr;=J^(pc-k)dt'+J^^sda  (5.1) 

X  (yW-h  y2w)}dt^= 

J^p(r  X  b  +  d  X  c)dz/+  J^^(r  x  t  +  d  x  s)da 

e  :  ^IQdv-  p(b  •  v  c  •  w)dz/+  ‘  ’  w)da 

The  first  of  (5.1)  is  the  mathematical  statement  of  conservation  of  mass,  the  second  that  of  linear 
momentum  principle,  the  third  that  of  director  momentum,  the  fourth  is  the  principle  of  moment 
of  momentum,  and  the  fifth  represents  the  balance  of  energy  for  composite  laminates. 

In  (5.1)  r,  d  denote  the  position  vutor  and  the  director  associated  with  a  composiu  partide, 
respectively,  while  the  velocity  and  the  director  velocity  of  the  composite  particle  are  given  by  v 
and  w.  The  definition  of  the  various  field  quantities  in  (5.1)  and  their  relation  to  their  counter¬ 
parts  in  micro-structure  and  the  similar  three  dimensional  quantities  are  given  below. 

1)  p  =  p(0',t)  is  the  composiu  assigned  mass  density  in  the  present  configuration  given  by 
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where  in  (5.2)  p  is  the  mass  density  of  the  micro-structure,  p*  is  the  classical  3-dimensional  mass 
density,  g  is  the  determinant  of  the  metric  tensor  gy  associated  with  the  composite  coordinate 
system  0‘,  g*  is  the  determinant  of  the  metric  tensor  gjj  associated  with  the  micro-structure  coor¬ 
dinate  system  Ti'  =  =  {0“,^},  a  is  the  determinant  of  the  two-dimensional  (surface)  metric 

tensor  a^p  associated  with  the  Cosserat  surface  (micro-structure). 

We  notice  that  the  dimensions  of  p  and  p  are  mass  per  unit  volume  and  mass  per  unit  area, 
respectively.  However,  the  dimension  of  p  is  the  dimension  of  integrated  mass  per  unit  volume 
of  the  composite. 

2)  b  =  b(0',t)  is  the  composiu  assigned  Body  force  density  per  unit  of  p,  given  by 

pgmb  =  ^J^pVinb-d4  (5.3) 

where  b*  is  the  classical  3-dimensional  body  force  density.  The  dimension  of  b  should  be  clear 
from  (5.3). 

3)  c  =  c(0',t)  is  the  composite  assigned  Body  coupCe  density  per  unit  of  p,  given  by^ 

p  gl/2  c  =  p*g*l/2b*^d^  (5  4) 

The  dimension  of  c  should  be  clear  from  (5.4). 

4)  t  =  t(0‘,t;n)  is  the  composiu  assigned  stress  vector  {per  unit  area  of  the  composite)  such  that^ 

t  =  g-i'2pni  (5.5) 

^  c  may  also  be  called  "composite  assigned  director  force"  emphasizing  the 
"directed"  nature  of  the  present  continuum  theory.  In  the  present  context,  howev¬ 
er,  we  prefer  the  terminology  in  3  above  as  it  makes  the  physical  nature  of  c  more 
apparent. 

5  The  nature  of  the  definition  (5.5)  and  (5.6)  as  well  as  (5.9)  and  (5.10)  will  be 
discussed  and  explained  in  section  (19). 
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T\i 


(5.6) 


T“  =  f  T*«d^  =  X  a’/2N“  (5.7) 

S2  •'  o  S2 

^  (T*3,^^ - r3,^^)  =  ^  (5.8) 

where  T**  is  the  classical  stress  vector  and  N“  is  the  resultant  force  of  the  micro-structure  (i.e., 
Cosserat  surface).  We  also  recall  that  a  comma  on  the  left-hand  side  of  (5.6)  to  (5.8)  denotes 
partial  differentiation  with  respect  to  0^  However,  a  comma  on  the  right-hand  side  of  (5.6)  and 
in  (5.8)  denotes  partial  differentiation  with  respect  toT)’  =  {T|“  ^}. 


5)  s  =  s(6',t;n)  is  the  composiu  assigned  coitpU  stress  vutor  ^  per  unit  area  of  the  composite  such 
that 


s  =  S*nj 

S^3  =  (T*3^)i4=o]  = 


(5.9) 

(5.10) 

(5.11) 

(5.12) 


where  M“  is  the  resultant  couple  of  the  micro-structure  (i.e.,  Cosserat  surface)  and  the  same 
remark  as  in  (4)  above  holds  for  commas  and  partial  differentiation. 


6)  k  =  k(6',t)  is  the  composiu  assigned  intrinsic  (director)  force,  per  unit  volume  of  the  composite, 
given  by 


^  s  may  also  be  called  "composite  assigned  contact  director  force"  which 
reflects  the  "directed"  nature  of  the  present  theory.  However,  the  terminology 
given  in  item  5  above  reflects  the  physical  nature  of  s  more  clearly. 
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gi/2k  =  .jLai^in  =  -^f  ^7*3(1^  (5.13) 

S2  S2  •’  o 

where  m  is  the  intrinsic  director  force  of  the  micro-structure  (i.e.,  Cosserat  surface). 

7)  y«  =  y“(0>)  are  the  inertia  coefficients  which  are  independent  of  time  and  are  given  by 

=  (5.14) 

8)  E  =  E(0*,t)  is  the  composite  assigned  specific  interned  energy  per  unit  of  p  given  by 

p  g^^  e  =  -^  p  e  =  .^  j  ^  p*g*^^e*d^  (5.15) 

S2  S2  ■'  o 

where  e*  is  the  classical  3-dimensional  specific  internal  energy  and  e  is  the  specific  internal 

A 

energy  per  unit  p  for  the  micro-structure  (i.e.,  Cosserat  surface). 

9)  %=  i?J0',t)  is  the  composite  assigned  fiinetic  energy  per  unit  of  p  and  is  given  by 

y  (v  •  V  +  2y^v  •  w  +  y^w- w)  (5.16) 

A  A 

where  1?C represents  the  kinetic  energy  per  unit  p  of  the  micro-structure  (i.e.,  Cosserat  surface). 
The  momentum  corresponding  to  the  velocity  v  and  the  director  momentum  corresponding  to  w 
are  given  by 

P-^  =  P(v  +  y’w)  (5.17) 

For  simplicity  in  the  rest  of  this  development,  when  there  is  no  possibility  of  confusion,  we 
adopt  the  following  simplified  terminology; 

p:  "composite  mass  density" 
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b:  "composite  body  force  density" 

c:  "composite  body  couple  density" 

t:  "composite  stress" 

s:  "composite  couple  stress" 

k:  "composite  intrinsic  force" 

e:  "composite  specific  internal  energy" 

"composite  kinetic  energy" 

An  important  characteristic  of  the  present  theory  is  the  introduction  of  the  composite  con¬ 
tact  force,  t,  and  the  composite  contact  couple,  s.  It  can  be  shown  [4]  that  t  and  s  have  the  pro¬ 
perties 


t(0i,t;n)  =  -t(0^t;-n)  (5.19) 

and 

s(0',t ;  n)  =  -  s(0^t ;  n)  (5.20) 

where  n  is  the  outward  unit  normal  to  a  surface  within  the  composite.  According  to  the  results 
(5.19)  and  (5.20),  the  composite  stress  vector  and  the  composite  couple  stress  vector  acting  on 
opposite  sides  of  the  same  surface  at  a  given  point  within  the  composite  laminates  are  equal  in 
magnitude  and  opposite  in  direction.  In  addition,  it  can  be  demonstrated  [4]  that  T'  and  S'  are 
expressible  as 


Ti  =  gi/2xijg.  (5.21) 

and 

S'  =  g'/2s>jgj  (5.22) 

where  x'J  and  s'J  are  contravariant  components  of  the  composiu  stress  unsor  and  the  composiu  coupU 
stress  unsor.  It  can  also  be  shown  that  represent  the  interlaminar  stress  vector  which  is  related 
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to  the  three  components  of  interlaminar  stresses  (j  =  1,2,3)  through  (5.22).  While  x^J 
represent  the  three  components  of  stress  tensor,  the  same  is  not  true  for  the  interlaminar  couple 
stress  tensors.  In  fact  it  can  be  shown  that  and  s^)  (j  =  1,2,3)  vanish  identically,  i.e., 

S3  =  0  ,  s3i  =  0  (5.23) 

We  notice  that  the  composite  stress,  the  composite  couple  stress  vector  and  the  composite  intrin¬ 
sic  force  are  to  be  specified  by  constitutive  relations.  Hence,  there  exist  eighteen  consitutive 
relations  in  the  present  theory. 

The  basic  field  equations  for  composite  laminates  follow  from  (5.1)a  to  (5.1)e  and  are  given 
by 


a  :  P  +  -^P  =  0 
b  :  T\i  +  pg'^b  =  pg^^(v  +  y'w) 

c  :  S\i  +  g^'^(pc  -  k)  =  pg'/2(y^v  +  y^w)  (5.24) 


d  :  gi  X  T*  +  d  i  X  S'  -I-  g^/^j  x  k  =  0 

e  :  pg^^  =  T'  •  v,i  +  S'  •  W  i  +  ■  w  =  g^^P 

where  P  is  the  mechanical  power  density  (per  element  of  volume)  of  the  composite  and  is  given 


gl/2p  _  yi .  y  .  4.  si .  ^ .  +  gl/2|j  .  yj,  (5.25) 

The  basic  field  equations  (5.24)  are  both  simple  and  elegant  in  form.  In  practice,  we  usu¬ 
ally  work  with  the  components  of  the  various  fields.  Hence,  we  now  proceed  to  deduce  the  basic 
field  equations  in  tensor  components.  We  introduce  the  contravariant  and  covariant  components 
of  acceleration  (aSOi),  director  acceleration  (P',Pi),  body  force  (b‘,bi),  body  couple  (c’,Ci),  and 
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those  of  intrinsic  force  (k\ki)  as  follows: 


v  =  a‘g'  =  aig‘  ,  w  =  p*gi  =  pig‘ 
b  =  b‘gi  =  big‘  ,  c  =  c‘gi  =  Cig'  ,  k  =  k‘gi  =  kig' 


(5.26) 


The  basic  field  equations  (5.24)  when  expressed  in  component  forms  will  reduce  to 


a:  p+^p  =  0 

b  :  i*i|i-t-pbj  =  p(ai-t-y^^) 

c  :  s'j  I  i  -t-  (pd  -  kJ)  =  p(y*aj  4-  y2(ii)  (5.27) 

d  :  eijn(xy  +  d‘  |  ^s^j  +  d‘kj)  =  eijn(Ty  -  s"«X^m  -  k*di)  =  0 

e  :  pe  =  xyvjii  +  sywjii  +  k'Wi  =  P 
while  the  expression  for  mechanical  power  density  P  takes  the  form 

pe  =  T'ivj  I  j  +  s'iwj  1 1  +  k*Wi  =  P  (5.28) 

With  reference  to  (5.27)d  we  observe  that  the  symmetry  of  the  stress  tensor  is  not  valid.  How¬ 
ever,  because  Eyk  is  skew-symmetric  with  respect  to  i  and  j,  it  follows  that  the  quantity  in  the 
parentheses  in  (5.27)^  must  be  symmetric  with  respect  to  i  and  j.  Hence  the  quantities 


x'ij  =  xii  -  -  k>dj 

(5.29) 

CT'J  =  x'j  +  d'  1  mS"™!  +  d'kJ 

(5.30) 

are  symmetric.  We  call  x'y  and  T'J  the  composiu  assigned  symmetric  unsors  or  simply  the  composite 
symmetric  Unsors.  As  will  become  clear  shortly,  expression  (5.29)  is  more  convenient  to  work 
with.  We  notice  that  in  the  absence  of  the  director,  i.e.. 
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d  =  0  or  d*  =  0 

the  composite  symmetric  tensor  “r'i  reduces  to  the  classical  symmetric  tensor.  It  can  be  shown 
that  in  the  absence  of  the  micro- structure  and  the  director  the  basic  field  equations  (5.27)  as  well 
as  the  expressions  for  power  reduce  to  those  of  classical  continuum  mechanics. 
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6.  Constitutive  equations  for  nonlinear  elastic  composite  laminates. 

This  section  presents  an  account  of  the  development  of  constitutive  relations  for  elastic 
composite  laminates.  While  we  confine  our  attention  here  to  elastic  composite  laminates,  it 
should  be  noted  that  the  previous  developments  in  sections  2  to  5  are  net  limited  to  elastic  lam¬ 
inated  composites. 

Within  the  scope  of  the  theory  discussed  in  sections  2  to  5,  we  discuss  the  constitutive  rela¬ 
tions  for  elastic  composite  laminates  in  the  presence  of  finite  deformation  and  in  the  context  of 
purely  mechanical  theory. 

We  recall  that  a  material  is  defined  by  a  constitutive  assumption  which  characterizes  the 
mechanical  behavior  of  the  medium.  The  constitutive  assumption  places  a  restriction  on  the 
processes  which  are  admissible  in  a  body  —  here  the  composite  laminate. 

We  define  an  elastic  composite  laminate  by  a  set  of  response  functions  which,  in  the  con¬ 
text  of  purely  mechanical  theory,  depend  on  appropriate  kinematic  variables.  In  our  present  dis¬ 
cussion  the  set  of  response  functions  consists  of  the  following  functions 

V  ,  S'  ,  k  (6.1) 

or  an  equivalent  set 

T'jCorx'i)  ,  sy  ,  k'  (6.2) 

We  introduce  constitutive  relations  which  must  hold  at  each  composite  material  point  (macro 
panicle)  and  for  all  time  (t)  in  terms  of  the  response  functions  (6.1).  In  this  connection,  we 
recall  that  the  displacement  function  r  in  (3.1)  is  the  place  occupied  by  the  composite  panicle  P 
(with  coordinates  0')  in  the  present  configuration,  and  the  function  d  in  (3.1)  is  the  director,  at 
the  same  composite  material  point,  representing  the  effect  of  micro-structure.  Thus  the  local 
state  of  an  elastic  composite  laminate  can  be  defined  by  functions  r  and  d  and  their  gradients  at 
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each  composite  material  point  in  the  present  configuration,  namely 


r  ,  r  i  ,  d  ,  d.i 

At  this  point,  for  convenience  we  recall  the  expression  for  mechanical  power  P,  i.e., 


or  equivalently 


gl/2p  =  Tpi  .  Y  .  ^  §1  .  ^  .  +  gl/2|j  .  ^ 


(6.3) 


P  =  T’j  Vj  I  i  +  s’-j  Wj  I  i  +  k*Wi  (6.4) 

We  continue  our  discussion  by  assuming  the  existence  of  a  strain  energy  or  stored  energy 
\)/  =  \|f(6*,t)  per  unit  mass  p  of  the  composite  laminate  such  that  py  is  equal  to  the  mechanical 
power  defined  by  (6.4),  i.e.. 


P  =  P¥  (6.5) 

In  the  development  of  nonlinear  constitutive  equations  for  elastic  composite  lamiantes,  we 
assume  that  the  strain  energy  density  \\f  at  each  material  point  of  the  composite  la.ninate 
(macro-particle)  and  for  all  t  is  specified  by  a  response  function  which  depends  on  r,  d  and  their 
partial  derivatives  with  respect  to  6^  Hence,  the  constitutive  relation  for  the  composite  strain 
energy  density  may  be  stated  as 


\|/  =  V|/(r,r  i,d,d,i ;  X)  (6.6) 

Since  the  response  function  must  remain  unaltered  under  superposed  rigid  body  translational  dis¬ 
placement,  the  dependence  on  r  must  be  excluded.  In  addition,  we  have  already  shown  that 
vanishes  identically.  Therefore,  the  constitutive  assumption  for  the  strain  energy  density  of  the 
composite  laminate  can  now  be  written  as 

V  =  v(r.i,d,d.a ;  X)  (6.7) 
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We  also  make  similar  constiiuiive  assumptions  for  T*,  S‘  and  k.  We  make  a  note  that  in  these 
constitutive  equations,  which  represent  the  mechanical  response  of  the  medium,  the  dependence 
of  the  response  function  on  the  local  geometrical  properties  of  a  reference  state  and  material 
inhomogeneity  is  indicated  through  the  argument  X  Here  we  limit  the  discussion  to  an  elastic 
composite  laminate  which  is  homogeneous  in  its  reference  configuration  and  suppose  that  the 
dependence  of  the  response  functions  on  the  properties  of  the  reference  state  occurs  through  the 
values  of  the  kinematical  variables  in  the  reference  configuration.  Therefore,  in  place  of  (6.7) 
we  may  write 


or 


V  =  v(r,i,d,d  a ;  R  i,D,D.a) 


(6.8) 


V  =  V(gi4,d.i ;  Gi,D,D,i) 

Since 


(6.9) 


gi  =  ri  ,  Gi  =  Ri  (6.10) 

Following  the  same  argument,  we  can  arrive  at  similar  constitutive  assumptions  for  T\S'  and  k. 
From  (6.9)  we  obtain  ^ 


Wi 


(6.11) 


Since 


>  See  [Can-oil  and  Naghdi,  1972]. 

Sr 

^  Operators  of  the  form  where  f  is  a  scalar  function  of  a  vector  variable 

occurring  in  (6. 1 1 )  and  else  where  are  defined  as  partial  derivatives  with  respect  to 
X  satisfying 

hm  f(x  +  ev}-f(x)  =  ^  .  V 

£-»0  E  dx 

for  all  values  of  the  arbitrary  vector  v. 
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and 


^  90' '  90' 


•  • 

d  =  w  ,  d j  =  w,i 

Introducing  (6. 1 1)  into  (5.24)e,  we  obtain 


(6.12) 


(6.13) 


Pg 


1/2 


or 


(T*  -  -g^)  •  v.i  -H  (S'  -  pg'/2  .  yf  .  +  (gi/2k  _  pgi/2  .  w  =  0  (6.14) 


This  must  hold  for  all  arbitrary  values  of  vectors  v  i,w j  and  w.  Since  the  quantities  in  the 
parentheses  are  independent  of  v,i„w,i  and  w,  we  conclude  that 


T'  =  P8''^|| 

S‘  =  pg'°-^  (6.15) 


gl/2k  =  pgin.^ 

These  are  the  nonlinear  constitutive  equations  for  T',S'  and  k  along  with  the  condition 


gixT‘-i-d,ixS*-*'g*^dxk  =  0  (6.16) 

which  is  imposed  by  the  principle  of  the  moment  of  momentum  of  the  composite  laminate  and 
must  be  satisfied  by  the  response  function  \\f. 

As  with  the  equations  of  motion,  it  is  convenient  in  applications  to  specific  problems  to 
obtain  alternative  forms  of  the  above  constitutive  equations  expressed  in  component  forms.  To 
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obtain  the  appropriate  constitutive  equations  for  x^.s^i  and  k‘  we  proceed  as  follows. 

Recall  the  formulas 

r  =  r»gi  =  rig*  .  d  =  d*gi  =  dig‘  (6.17) 

gi  =  r  i  =  (r^gm).!  =  r^.igm  +  ri"gm.i  =  ri".igm  +  ri”  (i  "  m)  gn 

=  (rin  .  +  r«  {  i'"n))gm  =  r*”ligm  =  rmlig’"  (6.18) 

and 

d.i  =  (d^'gm).!  =  d"'.ign,  -I-  d"'gm.i  =  d'^.igm  +  r"  {  i  n)  gm  =  d’"li  gm  =  d^li  g"*  (6.19) 

Substituting  (6.17)  to  (6.19)  into  (6.9)  and  keeping  in  mind  that  \j/  is  a  scalar  valued  function,  we 
may  rewrite  (6.9)  as 


-  p  ^  •  "i'i + <*■'  -  p  -  p 

This  must  hold  for  all  arbitrary  values  of  vjij,  wju  and  dj.  Since  the  quantities  in  the  parentheses 
are  independent  of  Vju,  wjij  and  dj,  we  conclude  that 
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=  (6.23) 


These  are  the  component  forms  of  the  constitutive  equations  for  t*J,  s'J  and  k>  along  with  the  con¬ 
dition 


Eijn  {xy  +  di  1  -I-  d^ki)  =  Cijnlxy  -  -  k‘dj)  =  0  (6.24) 

which  is  imposed  by  the  principal  of  the  moment  of  momentum  of  the  composite  laminate  and 
must  be  satisfied  by  the  response  function  \j/. 

Before  proceeding  further,  we  obtain  an  alternative  form  of  constitutive  equations.  To  this 
end  we  consider  the  expression  for  mechanical  power  (6.3),  i.e., 

gl/2p  -  Ji  .  y  j  ^  gi  .  ^  ^  gl/2k  •  Y/ 

and  by  taking  advantage  of  the  expressions  (3.23),  (3.26),  (3.28)  we  write 

gl/2p  =  (gl/2xijgj)  .  [(q^i  +  ci)y)gk]  -i- 

(gi/2sijgp  .  [X^jgk  +  -  ■q,j;)gkj  + 

(g’^k^gm)  •  [dkg*^  -h  dktOki  -  qki)g''] 

=  g''^{'C'jTlki(gj  •  g‘‘)  -I-  Ty(Oid(gj  •  g'')  + 
sy;^ki(gj  ■  8*^)  +  syA'i(a)w  -  T\u)%  ■  g*^)  -I- 
kjdk(gj  •  g*')  +  kid^tOki  -  TlkiXgj  •  g*')} 


or 
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gi/2p  =  gi/25k.{<ci>qi^  +  xOcOki  +  s‘JXki  +  s'jA.^i(o)k/  -H  ^^i)  +  kidfc  -t-  kJdKtOki  -  TlkO) 
or 

P  =  (xy  -  -  kklj)Tiji  +  syiji  +  kkii  -i-  (ty  +  +  kid‘)a)ji  (6.25) 

The  last  term  on  the  right  hand  side  of  (6.25)  is  a  product  of  a  symmetric  and  a  skew-symmetric 
tensor  component;  hence  it  vanishes  identically  and  we  obtain 


P  =  (ty  -  s^Xlm  -  +  syXji  +  k*di  (6.26) 

We  now  recall  the  expression  for  the  symmetric  commposite  stress  tensor  t'y  and  substitute  for 
T'j  in  (6.26)  to  obtain 


P  =  x'%i  -I-  syiji  +  k>di  (6.27) 

Recall  the  kinematical  variables 

Yij  =  y  (gi  *  gj  “  Gi  •  Gj)  =  y  (gij  -  Gjj) 

J^ij  =  Anj-Aij  (6.28) 

7i  =  di  -  Di 

From  (6.28)  we  obtain 

^  =  (6.29) 

Y.  =  di 

The  expression  of  power  (6.26)  in  terms  of  the  kinematical  variables  Yij,  and  Yi  is 


P£  =  T'iiYij  -I-  sy;^  +  k^i  =  P 

where 


(6.30) 
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P  =  T^iYij  -I-  -t-  k‘Yi 

Rewriting  the  xjf  as  a  function  of  the  variables  Tij,  and  yj,  i.e.. 


V  =  V(Yij.  %Yi) 


we  obtain 


From  (6.30)  and  (6.32)  we  obtain 

-  P  ^  -  P  P  = 0 

Then  by  the  usual  procedure  we  obtain 


(6.31) 


(6.32) 


(6.33) 


(6.34) 


(6.35) 


BASE 


-32- 


7.  The  complete  theory 

We  recapitulate  in  this  section  the  complete  theory  of  elastic  composite  laminate  in  the 
context  of  purely  mechanical  theory. 

The  initial  boundary  value  problem  in  the  general  theory. 

The  basic  field  equations  of  the  nonlinear  theory  consist  of  the  equations  of  motion  and  the 
energy  equation  given  by  (5.27)  and  repeated  below  for  convenience: 

a  :  T‘j|i-i-pbi  =  p(ai  +  yi^) 
b  :  s‘J  I i  4-  (pci  -  ki)  =  p(y *ai  y^^) 

(7.1) 

c  :  eij„(T'j -I- XinS^j  4- d*kj)  =  eijn(x‘i  -  smiXi^  -  kkli)  =  0 

d:  pe  =  T'ivjii  +  s'iwjii  +  k*Wi  =  P 

where  P  is  given  by 


p  =  x'ivj  I  i  +  s^Wj  I  i  +  k'Wj  (7.2) 

or  equivalently  by 

p  =  x''i^j4-syi^j-»-k^i  (7.3) 

where  T''i  is  the  composite  symmetric  stress  tensor  and  is  given  by 

x'ij  =  xy  -  s'«'Xi„,  -  k‘di  (7.4) 

The  constitutive  equations  for  an  elastic  composite  laminate  are  specified  by 

V  =  ¥(Yij.  (7.5) 

and 
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T'ij  =  p  (7.6) 

SU  =  P^  (7.7) 

ki  =  p^  (7.8) 

We  recall  that  (7.7)  is  subjected  to  the  condition 

s‘3  =  0  (7.9) 


We  note  that  instead  of  (7.5)  to  (7.8),  any  other  alternative  equivalent  expressions  derived 
in  section  6  may  be  used. 

The  above  field  equations  and  constitutive  relations  characterize  the  initial  boundary-value 
problem  in  the  nonlinear  int  ory  of  an  elastic  composite  laminate. 

The  problem  of  establishing  boundary  conditions  is  not  always  clear  in  the  literature  on 
continuum  theory  of  composites.  Even  in  the  case  of  mathematically  coherent  continuum 
theories  with  micro-structure  the  physical  inteipretations  are  not  given  or  are  ambiguous. 
Indeed,  most  (if  not  all)  of  the  problems  that  are  treated  using  various  continuum  theories  for 
composites  deal  with  periodic  wave  propagation  or  those  problems  for  which  the  boundary  con¬ 
ditions  are  not  of  primary  importance. 

The  nature  of  the  boundary  conditions  in  the  present  theory  may  be  seen  from  the  rate  of 
work  expression  for  the  composite  contact  force  and  the  composite  contact  couple,  i.e., 

■  v  +  s  ■  w)da  (7.10) 

The  conditions  at  the  boundary  surface  of  the  composite  laminate  at  which  the  surface  forces  T 
and  the  surface  couples  are  prescribed  require  that 
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t=r  ,  s=s  (7.11) 

If  we  express  the  surface  forces  f  and  the  surface  couples  s  in  terms  of  their  components,  i.e., 

r=Tgi=Tigi  (7.12) 

s=?gi  =  s;^b  (7.13) 

and  then  using  (5.21)  and  (5.22)  the  boundary  conditions  take  the  following  forms: 

Tynj=Tj  ,  t‘jni=Tj  (7.14) 

syni  =  s>  ,  s*jni  =  Sj  (7.15) 


To  elaborate,  we  recall  that  our  choice  of  convected  coordinates  is  such  that  at  a  point  P  with 
coordinates  0‘  (i  =  1,2,3)  of  the  composite  laminate,  the  coordinates  6^  6^  are  in  fact  the  coordi¬ 
nate  curves  of  the  ply  passing  through  the  point  P.  Moreover,  the  coordinate  0^  is  in  the  direc¬ 
tion  of  lay-up.  This  implies  that  for  an  arbitrary  pan  fP,  the  boundary  surface  dJP  consists  of  two 
material  surfaces  of  the  form 


d(Pi  :  03  =  03(00)  =  Cl 

and 

BPi  :  03  =  03(00)  =  Cl 

and  a  lateral  material  surface  of  the  form 


(7.16) 


B(Pi  :  f(0“)  =  O  (7.17) 

such  that  03  =  const  are  closed  smooth  curves  on  the  surface  (7.17).  With  this  background,  it 
should  now  be  clear  that  t^,  t^  in  (7.14)i  are  the  stress  resultants  in  gi,  g2  directions,  respectively, 
while"?  is  the  stress  in  gj  direction.  Similarly,  s^  in  (7.15)i  are  the  stress  couple  resultants  in 
gi>  g2  directions,  respectively,  butT3  is  the  stress  couple  resultant  in  g3  direction,  which  is  identi¬ 
cally  zero. 
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8.  A  constrained  theory  of  composite  laminates 

The  continuum  theory  presented  in  sections  2  to  7  is  general  and  without  any 
restriction/condition  placed  on  the  kinematical  variables.  Therefore  the  field  equations  and  the 
constitutive  relations  are  applicable  to  any  elastic  composite  laminate.  We  now  turn  to  the  dis¬ 
cussion  of  a  constrained  theory  of  our  continuum  model  which  may  appropriately  be  called  Cos- 
semt  composite. 

We  impose  the  condition  that  plies  of  the  composite  laminate  do  not  separate  from  or  slide 
over  each  other  at  all  time  during  the  motion  of  the  composite  laminate.  This  means  the  dis¬ 
placement  vector  of  the  material  points  throughout  the  body  including  at  the  interface  must  be 
single  valued.  Hence  we  obtain  the  following  constraint  conditions: 

g“d  =  0  (a  =1,2)  (8.1) 

Differentiating  (8.1)  with  respect  to  time,  we  obtain 

g“-d-f-g“- w  =  0  (a  =1,2)  (8.2) 

We  recall 

g‘-gj  =  5'j  (8.3) 

Differentiating  (8.3)  with  respect  to  time,  we  obtain 

gi .  g.  =  _  gi .  V .  (8.4) 

and 

g‘  =  -v‘lmgm  (8.5) 

Substituting  (8.4),  (8.5)  into  (8.2),  we  arrive  at 
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d‘g“  •  v_i  -  g“  •  w  =  0  (8.6) 

and 

dmg^g^j  I  i  -  g'“wi  =  0  (a  =  1 ,2)  (8.7) 

This  is  another  form  of  the  constraints  (8.1)  which  is  more  appropriate  for  our  present  develop¬ 
ment. 

For  a  composite  laminate  with  constraints  we  assume  that  each  of  the  functions  T',  S'  and  k* 
are  determined  to  within  an  additive  constraint  response  so  that 

T'  =  T'  -t-  T* 

Si  =  Si-HS‘  (8.8) 

k  =  k  +  k 

where 


t'  ,  S*  ,  k  (8.9) 

are  specified  by  constitutive  equations  and 

t'  ,  S'  ,  k  (8.10) 

which  represent  the  response  due  to  constraints  (8.6)  are  arbitrary  functions  of  0\t,  are  woricless 
and  independent  of  the  kinematical  variables  v  j,  w  j  and  w.  Thus,  recalling  the  expression  (5.25) 
for  mechanical  power,  we  set 

t'- Vi  +  S'-w.i-Hgi/2k  .w  =  0  (8.11) 

This  must  hold  for  all  values  of  the  variables  v  j,  w j  and  w  subject  to  the  constraint  condition 
(8.6).  Multiplying  (8.6)  by  the  Lagrange  multipliers  5c((a=],2)  and  subtracting  the  results 
from  (8.1 1),  we  obtain 
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(T‘  -  5ad‘g“)  •  v,i  +  S'  •  Wj  +  +  5ag“)  •  w  =  0 

From  (8.12)  and  the  fact  that  T',  S'  and  k  are  independent  of  v  j,  w_i  and  w  it  follows  that 


ti  =  5adig° 

(8.13) 

II 

o 

(8.14) 

gl/2k  =  -  Sogot 

(8.15) 

Expressions  (8.13)  to  (8.15)  represent  the  constraint  response  induced  by  the  constraint  equa¬ 
tions  (8.1).  Substituting  (8.13),  (8.14)  and  (8.15)  into  linear  momentum  equation  (5.24)b  and  the 
director  momentum  equation  (5.24)c,  we  obtain 


[t‘  +  5ad'g“],i  +  pg^/^b  =  pg^/^(v  +  y^w) 


and 


S*.i  +  pg^^  -  [g^^k  -  5ag“]  =  pg^^(y^v  +  y^w) 


Introducing  the  following  temporary  variables  b  and  c  by 


and 


b  =  b  -  (v-i-  y*w) 
c  =  c  -  (y*v  +  y^w) 


we  can  rewrite  (8.16)  and  (8.17)  as  follows 


pgi/2b  +  tij  +  (5^d'g“).i  =  0 
pg^/^C  S',i  -  g^/2|^  +  5ag“  =  0 


From  (8.20)  we  obtain 


(8.16) 


(8.17) 


(8.18) 


(8.19) 

(8.20) 


(5ad'g“).i  =  -  (pg^/^d'c  -I-  d’^j  -  g^'^d'k)., 


(8.21) 
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Substitute  (8.21)  into  (8.19)  to  obtain 


pgi/2b  +  f  i .  _  (pgi/2dic  -I-  -  gi^d>k).i  =  0  (8.22) 

Moreover,  from  (8.20)  and  (8.1)  we  obtain 

pgi/2d-c-»-d*^.j-g»/2d-k  =  0  (8.23) 

Recalling  that  S'  and  k  are  specified  as  functions  of  various  kinematical  variables,  it  is  clear 
that  the  system  of  equations  (8.22)  and  (8.23)  represent  two  equations  for  the  determination  of 
the  primary  unknowns  v  (or  r)  and  d. 

We  now  proceed  to  obtain  the  counterpans  of  (8.22)  and  (8.23)  in  component  form.  To  this 
end,  we  assume,  for  an  elastic  composite  laminate  with  constraint,  the  functions  t'J,  s')  and  k'  are 
determined  to  within  an  additive  constraint  response  so  that 

XU  =  t'j  +  X'j 

sij  =  ?)  +  §«  (8.24) 

k'  =  k'  +  k‘ 

where 


x'i  ,  s'j  ,  k‘  (8.25) 

are  specified  by  constitutive  equations  and 

x«  ,  s'i  ,  ic'  (8.26) 

which  represent  the  response  due  to  constraints  (8.7),  are  arbitrary  functions  of  6',t,  workless  and 
independent  of  kinematical  variables  vjij,  Wjij  and  Wi.  Thus,  recalling  the  expression  (5.28)  for 
mechanical  power,  we  set 


x'jvj  I  i  +  s*jwj  I  i  +  ic'wj  =  0 


(8.27) 


BASE 


-39- 


which  must  hold  for  all  values  of  the  variables  vjii,  wjm  and  wj  subject  to  the  constraint  condi¬ 
tions  (8.7).  Multiplying  (8.7)  by  the  Lagrange  multipliers  Xa(a=l,2)  and  subtracting  the 
results  from  (8.27),  we  obtain  ^ 


(t'j  -  MWvjii  +  s^ii  +  (k‘  +  >^‘“)wi  =  0  (8.28) 

From  (8.28)  and  the  fact  that  x’j,  and  k  are  independent  of  vjn,  wjij  and  Wj  it  follows  that 


?j  =  0 

k‘  =  -Xag‘“ 

Substituting  (8.29),  (8.30)  and  (8.31)  into  (5.27)b  and  (5.27)c,  we  obtain 


[x‘j  +  X.yd‘gj7] ,  j  +  pbi  =  p(ai  -h  y  ^  ^) 
and 


From  (8.18)  we  have 


and 


s‘j  I  i  -  [kj  -  +  pci  =  p(yiaj  -h  yi|Jj) 


b)  =  bi  -  (aj  +  y*^) 
cl  =  d  -  (y^cd  +  y^^) 


Making  use  of  (8.3)  we  rewrite  (8.32)  and  (8.33)  as  follows 


pbj  +  xy,i-K^ydigJTr),i  =  0 
and 


^  Note  that  is  now  different  from 


(8.29) 

(8.30) 

(8.31) 

(8.32) 

(8.33) 

(8.34) 


(8.35) 
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pcJ  +  s'j  I  i  -  y  +  JtygTO  =  0  (8.36) 

From  (8.36)  we  obtain 

(M‘g^)  I  i  =  -  +  d‘s"’j  ,:n  -  d‘kj)  I  i  (8.37) 

and  substitute  into  (8.35)  to  obtain 

pbi  +  t'j  I  i  -  (pd^cj  +  pd^s^j  -  d^kJ)  i  i  =  0  (8.38) 

Moreover,  from  (8.36)  we  obtain 

pdjcj  +  djs^  I  i  -  djki  +  XadjgW  =  0  (8.39) 

However,  from  (8.1)  we  have 

djgW  =  0  (8.40) 

Hence,  by  (8.39)  and  (8.40)  we  have 

pdjcj  +  djS'j|i-djkj  =  0  (8.41) 

Ax  A  • 

Again  recalling  that  t'J,  s‘J  and  k*  are  specified,  by  constitutive  equations,  as  functions  of  relevant 
kinematical  variables,  it  is  clear  that  the  system  of  equations  (8.38)  and  (8.41)  represent  four 
equations  for  the  determination  of  four  primary  unknowns  Vj  and  d. 

Before  closing  this  section,  we  obtain  a  relation  between  the  Lagrange  multipliers  5a  and 
Xa.  Recalling  (  ),  we  may  write  (8.13)  as  follows 

fi  =  gl/^iUgj  =  5ad>gj«gj 
or 

gl/2(iij_g-l/25^digj«)gj  =  0  (8.42) 
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Since  ^  0  and  gj  are  linearly  independent  base  vectors,  we  obtain 


^y  =  g-i/25^digj“  (8.43) 

A  comparison  between  (8.43)  and  (8.29)  yields 

=  r*^5a  (8.44) 


Similarly,  from  (8.15)  we  obtain 


gl/2kigj  =  _  5^iag. 

or 

gi/2(ki  4.  =  0  (8.45) 

Again,  since  gi  are  independent  base  vectors  and  since  *■  0,  we  obtain 

k‘  =  -  (8.46) 

Comparing  (8.46)  and  (8.31),  we  obtain 

=  (8.47) 


which  confirms  the  results  (8.44). 
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9.  Linearized  kinematics 

This  section  is  devoted  to  the  linearized  form  of  the  kinematical  results  of  section  (3).  In 
particular,  we  deduce  the  linearized  kinematic  measures  of  a  composite  laminate  with 
infinitesimal  displacements  and  infinitesimal  director  displacements  as  a  special  case  of  the  gen¬ 
eral  results  in  section  (3).  We  note  that  a  bold  vertical  bar,  in  the  linearized  expressions,  will 
denote  covariant  differentiation  with  respect  to  Gy  corresponding  to  the  reference  configuration. 

We  recall  the  expressions 

p‘  =  r(Ti“,e3.t)-»-^d(Ti“,e3,t)  (9.1) 

and 

P*  =  R(ti“,03)  +  p(Ti“,e3)  (9.2) 

Within  the  context  of  linear  theory  of  composite  continuum  we  let ' 

p*  =  P*  +  eu*  (9.3) 

where  £  is  a  non-dimensional  parameter  and  u*  is  a  three-dimensional  vector  such  that 

u*  =  u*‘gi  =  u*g'  (9.4) 

u*  =  u*(Ti“,4,03,t)  =  u(Ti“.0^t)  +  ^5(Ti“,03,t)  (9.5) 

From  (9.3)  we  obtain 

V*  =  eu*  (9.6) 

Introducing  (9.5)  into  (9.3)  and  making  use  of  (9.2),  we  obtain 

*  The  use  of  e  in  this  section  is  temporary,  clear  from  the  context  and  not  to  be 
confused  with  the  use  of  the  same  notation  in  the  previous  section. 
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p*  =  [R(ti“  03)  +  eu(Ti“  03,01  +  4[D(Tl“.e3)  +  e60i“  0] 


(9.7) 


By  a  comparison  between  (9.1)  and  (9.7)  we  conclude  that 

r(0‘,t)  =  R(0O  +  eu(0‘.t) 

d(0\t)  =  D(0O  +  e5(0‘.t) 


(9.8) 


where  we  have  identified  11“  with  0“.  The  velocity  and  the  director  velocity  are  readily  obtained 
as 


v  =  eu 


(9.9) 

w  =  e5 


We  say  that  the  motion  of  a  laminated  composite  continuum  characterized  by  (9.8)  describes 
infinitesimal  deformation  if  the  magnitudes  of  u,  5  and  all  their  derivatives  are  bounded  and  are 
of  the  same  order  as  R  and  D  and  if 


£  c  1  (9.10) 

In  what  follows  we  shall  be  concerned  with  (scalar,  vector  or  tensor)  functions  of  position  and 
time,  determined  by  eu  and  e5  and  their  space  and  time  derivatives.  We  denote  these  functions 
by  the  customary  order  symbol  0(e")  if  there  exists  a  real  number  C,  independent  of  e,u,5  and 
their  derivatives  such  that 


IO(e")l<Ce"  e^O  (9.11) 

We  would  like  to  emphasize  that  the  infinitesimal  theory  which  we  wish  to  obtain  as  a  spe* 
cial  case  of  the  results  in  section  (3)  and  in  the  sense  of  (9.10)  is  such  that  all  kinematical  quanti¬ 
ties  (including  the  displacement  u,  the  director  displacement  6  and  other  kinematical  measures, 
as  well  as  their  space  and  time  derivatives  are  all  of  0(e). 


The  base  vectors  g*  can  be  obtained  from  (9.7): 
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=  P.O  =  (R.a  +  eu.a)  +  ^(D.a  +  e5  a) 

(9.12) 

g3  =  P3  =  D  +  £5 

Similarly  the  base  vectors  gj  are  obtained  from  (9.8)i 

gi  =  r.i  =  (R  +  eu).i  =  G.i  +  £u.i  (9. 1 3) 

We  now  proceed  to  obtain  the  relative  kinematic  measures  y,j,  and  yj.  To  this  end  we  first 
obtain 

gij  =  gi  •  gj  =  (Gi  +  eui)  •  (Gj  +  euj)  =  Gy  +  £(Gi  •  uj  +  G.j  •  u.O  +  0(£2)  (9. 14) 

di  =  gi  •  d  =  (Gi  +  eu  i)  •  (D  +  eS)  =  Di  +  £(Gi  •  5  +  u  i  •  D)  +  0(e2)  (9.15) 

>nj  =  gi  *  dj  =  (Gi  +  eu.i)  •  (D.J  +  eSj)  ^  Ay  +  £(Gi  •  5.j  +  u.i  •  Dj)  +  0(e2)  (9.16) 

From  (9.14)  to  (9.16)  we  obtain 

Tij  =  Y  (gi  *  gj  ”  Gi '  Gj)  =  y  e(Gi  •  uj  +  Gj  •  u,i)  +  0(8^)  (9.17) 

y  =  di  -  Di  =  e(Gi  •  5  +  u  i  •  D)  +  0(e2)  (9.18) 

^j  =  ^j  “  Aij  =  e(Gi  •  5j  +  u.i  •  D j)  +  O(e^)  (9. 19) 

At  this  stage  it  is  desirable  to  elaborate  on  the  manner  in  which  the  process  of  linearization 
may  be  carried  out.  To  this  end  we  take  u'  and  5'  to  be  vector  functions  defined  by 

u'  =  EU  =  0(E)  u'i  =  A'  •  u'  =  0(E)  (9.20) 

5'  =  £6  =  0(E)  5'i  =  Ai  •  5'  =  0(E)  (9.21) 

Making  use  of  (9.20)  and  (9.21)  we  may  rewrite  (9.17)  to  (9.19)  as 

y  'ij  =  (Gi  •  u'j  +  Gj  •  u',i)  (9.22) 
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y'i  =  (Gi-5'-m'.i*D) 

(9.23) 

(9.24) 

where  we  have  introduced  y  'y,  y  'j  JCij  which  are  of  0(e)  we  have 

yij  =  y'ij-j-0(e2)  =  0(£) 

(9.25) 

yi  =  y'i  +  0(£2)  =  0(e) 

(9.26) 

i?(ij=i^'ij  +  0(£2)  =  0(£) 

(9.27) 

We  also  have 

=  1  +  Y  'j  +  0(£2) 

(9.28) 

and 

^  =  1  +  2g»iy'ij  +  0(£2) 

(9.29) 

We  now  retain  only  terms  of  0(£)  in  expressions  such  as  (9.25)  and  hence  approximate  y,j,  y,  and 

by  y  'ij,  y  'i  and  etc.  In  order  to  avoid  the  introduction  of  unnecessary  additional  nota¬ 

tions  we  proceed  with  linearization  by  retaining  only  terms  of  0(£)  and  after  the  approximation 

without  loss  of  generality,  we  set  £  =  1.  In  this  manner  the  relative  kinematic  measures  y^,  y  and 

reduce  to 

yij  =  -j  (Gi  •  Uj  Gj  •  u,i) 

(9.30) 

y  =  Gi  ■  5  u^i  •  D 

(9.31) 

;?(ij  =  Gi  •  5.j  +  u  i  •  Dj 

(9.32) 

We  also  obtain 
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pgl/2=PoGl/2 

or 

pGi'^d  +Yij)  =  pj,G*^ 
or 

P  =  PoTT7r  =  PoO-Y 


10.  Linearized  field  equations 


Previously,  with  reference  to  the  linearization  of  the  kinematical  results  for  a  composite,  it 
was  assumed  that  all  kinematic  measures  such  as  Yi  and  as  well  as  their  space  and  time 
derivatives  are  of  0(e).  These  must  now  be  supplemented  by  additional  assumptions  in  a  com¬ 
plete  infinitesimal  theory.  We  now  assume  that  the  vector  fields  T',  S*  and  k  are  all  zero  in  the 
reference  configuration.  We  funher  assume  that  T\  S‘  and  k  (or  their  components)  when 
expressed  in  suitable  non-dimensional  forms,  as  well  as  their  space  and  time  derivatives  are  all 
of  0(E). 

Recalling  the  linearization  procedure  of  the  previous  section  and  avoiding  the  introduction 
of  additional  notations,  we  now  regard  T',  S*  and  k  as  infinitesimal  quantities  of  0(e).  As  a 
result  of  linearization,  all  tensor  quantities  are  now  referred  to  the  initial  undeformed  surface  and 
covariant  differentiation  is  with  respect  to  Gy  in  the  reference  configuration.  It  then  follows  that 
in  the  equations  (7. 1)a^b,c,  each  term  is  of  0(e)  and  that  d^  and  d^m  =  or  must  be  replaced 
to  the  order  of  e  by  D‘  and  or  Aim,  respectively.  We  omit  the  details  since  it  is  a  straightfor¬ 
ward  calculation  and  merely  record  the  linearized  version  of  the  equations  of  motion  as  follows. 

'C‘jli  +  Pobj  =  Po(Uj  +  y*’5j)  (10.1) 

s'jii  +  (poCj  -  kj)  =  Po(y*Uj  +  y^5j)  (10.2) 

Eijnlxy  4-  sWm  +  D^kj)  =  Eij^lxy  -  S^Aim  -  k'D)]  =  0  (10.3) 

where  the  vertical  bar  in  (10.1)  to  (10.3)  and  the  rest  of  this  section  denotes  covariant  diffe’^ntia- 
tion  with  respect  to  Gy.  We  also  note  that  all  quantities  are  now  referred  to  the  base  vectors  Gi 
of  the  reference  configuration. 

Moreover,  upon  linearization  we  obtain 


x'ij  =  xij  -  s'niAJm  “  k>DJ 


(10.4) 


In  the  light  of  the  assumptions  stated  above  and  expression  (10.4),  the  energy  equation  takes  the 
form 


po£  =  +  lc‘Yi  =  P 


(10.5) 
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1 1 .  Preliminaries  to  linearized  constitutive  equation 

Before  proceeding  further,  we  dispose  of  some  results  which  are  independent  of  lineariza¬ 
tion;  however,  they  will  be  particular  useful  in  the  applications  of  the  linear  theory.  First,  we 
recall  that  the  position  vector  P*,  of  the  micro-body  "B  *,  in  the  reference  configuration  is  given 
by 


p*  =  R(Ti“,e3)  +  4  D(Ti“,e3)  (11.1) 

In  general,  Din(ll.l)isa  three-dimensional  vector  having  components  D*,D2,D^  in  the  direc¬ 
tions  of  Gi,G2,G3.  However,  in  the  reference  configuration  without  loss  of  generality  we  may 
specify  D  by 


D=DA3  ,  Da  =  0  ,  D3  =  D(Ti“e3)  (11.2) 

where  A3  =  A3  (11“)  is  the  unit  normal  to  the  Cosserat  surface,  i.e.,  the  shell-like  representative 
element  at  composite  panicle  P.  From  (11.1)  and  (11.2)  it  follows  that  the  base  vectors  G*  and 
the  metric  tensor  G,],  of  the  micro-structure,  in  the  reference  (initial)  configuration  are 

G *  =  R a  +  4D,a  =  ^(DA3),a  =  Ga  +  ^(DaA3  +  DA3.„)  =  G„  +  ^DA3.„ ^D,„A3  (1 1.3) 

and 

G3*  =  D  =  DA3  (11.4) 

We  recall  the  results 


A3  •  Ap  =  0  =>  A3.0  •  Ap  -(-  A3  •  Ap.ct  =  0 


Hence, 


and 


Ap  •  A3_a  —  A3  •  Ap^ct  —  Bpof  —  —  B^p 


(11.5) 
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where  Bap  are  the  components  of  the  second  fundamental  form  of  the  surface.  By  (11.3),  (1 1.6) 
and  the  fact  that  Aq  =  Ga,  we  obtain 

Ga  =  Ga  -  ^DBPaAp  +  qAs  =  Gp5P„  -  4DBP„Gp  +  aAs 

=  (5Pa  -  4DBPa)Gp  +  ^D.„A3  (1 1.7) 

Let 

vPa  =  5Pa-^DBPa  (11.8) 

Then  by  (11.4),  (11.7)  and  (11.8)  we  have 

Ga  =  V^aGp  +  ^D_aA3 

(11.9) 

G3*  =  DA3 

and  hence. 

Gap  =  vT^aV^pGyS  +  ^^D.aD.p 

Gi  =  ^DDa=^^(D2),a  (11.10) 

G33  =  D2 

Let  us  now  introduce  a  set  of  curvilinear  coordinates  C*  such  that  =  ti“  and  where  is 
measured  to  the  scale  of  the  rectangular  Cartesian  coordinates  (say  x'  =  x,)  along  the  positive 
direction  of  the  uniquely  defined  normal  A3  of  the  Cosserat  surface  (i.e.,  micro-structure).  Now 
in  the  reference  configuration,  which  we  take  to  be  the  initial  configuration,  the  convected  gen¬ 
eral  curvilinear  coordinates  6'  can  always  be  related  to  with  as  a  specified  function  of  T|“ 
and  For  the  purpose  of  this  investigation  and  to  avoid  unnecessary  complications,  we  denote 
simply  by  ^  and  specify  it  by 

C  =  atl“)^  (11.11) 

where  C  is  a  function  of  T|“  only.  In  the  special  case  that  Cl'H”)  =  1  we  obtain  ^  £  in  the 
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reference  configuration.  The  coordinate  system  {'n“,4)  where  ^  is  measured  along  the  normal  to 
the  Cosserat  surface  is  called  normal  coordinate  system.  Thus  with  ^  specified  by  (11.11),  the 
position  vector  P*  of  the  micro-body  in  the  reference  configuration  referred  to  the  normal 
coordinates  is  given  by 


P*  =  R(ti“  03)  CA3(ti“  03)  (11.12) 

Let  G*  and  Gy  denote  the  base  vectors  and  the  metric  tensor  associated  with  the  normal  coordi¬ 
nates.  From  (1 1.12)  we  obtain 


G  *  =  Ra  +  CA3,a  =  Gp5Pa  "  CB^aAp  =  (S^a  “  ^BPa)Gp 


Hence,  we  have 


Gq  =  (i^aGp 
G3  =  A3 

where 


(11.13) 


llPa=5Pa-CBPa  (11.14) 

From  (1 1.13)  we  have: 

Gap  =  li'*^aJ.t®pG.,6 

G*3  =  0  (11.15) 

G3*3  =  1 

A  comparison  between  (11.1)  and  (1 1.2)  with  D  specified  by  (1 1.2)  reveals  that 


C  =  D^  (11.16) 

which  is  the  transformation  relation  between  ^  and  Moreover,  under  this  transformation,  we 
obtain  from  (1 1.8),  (11.14)  and  (11.15) 
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vPa  =  5Pa  -  ^DBPa  =  SPa  -  CSPa  =  ^lPa  (11-17) 

If  we  let  det  (vPa)  =  and  det  (|iPa)  =  4  we  obtain 

4=^  (11.18) 

It  is  worth  noting  that  the  metric  tensors  Gjj  and  Gjj  become  identical  when  evaluated  on  the  sur¬ 
face  4  =  0  or  ^  =  0  in  the  reference  configuration  and  are  both  given  by 

Gap  =  Gap  =  Gap 

Gi  =  G^  =  0  (11.19) 

G33  =  G33  =  1 

We  now  proceed  to  obtain  expressions  for  Gj,  Gy  and  G’^^  corresponding  to  coordinates  6*. 

Consistent  with  the  kinematic  assumption  (1 1.2)  we  take  the  function  R(6“,6^)  to  be 

R(0“  03)  =  R(0“)  -f  03A3(0“) 

From  this  we  have 

Ga  =  R.a  =  R.a  +  0^A3.a  =  R.a  "  O^BYaA^ 

G3  =  R.3  =  (B^A3)  3  =  A3 
and 

Gap  =  (R.a  -  e^BYaA^)  •  (R  p  -  B^B^pAs) 

=  R  a  •  R.P  -  03BY„Av  ■  Rp  -  03B6pA5  •  R.a  +  (03)2BT„B5pAY  •  A5 
=  R.a  •  R,P  -  03(BT„Ay  •  R.P  -  BfipAy  ’  R.a)  +  (e3)2BYaB5pAy  •  A5 

I 

=  R.a  •  R.P  -  03(BYaR.p  BYpR.„)  •  Ay+  (03)2BY„B5pAY  •  As 
Hence  we  have 
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Gap  =  R,a  •  R.p  -  e3(BTraR.p  BTfpR,„)  •  Ay+  (e3)2B7„B5pA^ 


Ga3=(R.a-e^BY„AY)  A3=0 


Also, 


G?3  =  A3  •  A3  -  1 


G^/2  =  [Gi, 62,03]  =  (Gi  X  G2)  •  G3  =  (Gi  X  G2)  *  A3 


=  [(R.i  -  e^BYiA^)  X  (R,2  -  e3B82A5)]  •  A3 


=  (R.I  X  R.2)  •  A3  -  e3[BTfi(AY  X  R.2)  +  Bir2(R  1  x  A^)]  •  A3 


-t-(03)2BTriBS2(AYXA5)-A3 

We  now  combine  the  assumptions  (1 1.2)  and  (1 1.20)  to  obtain  from  (11.1) 


P*(0“,03,^)  =  R  +  ^DA3  =  R  +  03  A3  +  ^DAs 

From  this  we  obtain 


(11.22) 


(11.23) 


(11.24) 


Gq  —  R.cx  +  ^(DA3).c[  —  R.a  +  ^D,aA3  —  ^DBT^aAy 

Hence,  we  have 

Ga  =  Ga  -  ^DBTaGy  +  ^D.aA3  =  vYqGy+  ^D.aA3 
G3*  =  DA3 

where 

vT'„  =  5r„-^DBr„ 

Moreover,  from  (1 1.25)  we  obtain 


(11.25) 


(11.26) 
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Gap  =  (vTraGY+  ^D.^Aj)  •  (vSpGg  +  pAj)  =  ^2d.„D.p 

=  (vY„Gy+  4D,aA3)  •  (DA3)  =  ^DD.a  =  ^(D^).a  d  1.27) 

G3*3  =  (DA3)  (DA3)  =  D2 

and 

G*i/2  =  [Gr.G2*,G3*]  =  (Gi*  X  Gf)  •  G3* 


=  {(v''^iGy+  ^DjA3)  X  (V‘lf2G5-H  4D_2A3))  ‘  (DA3) 

=  {vYjV'y2(GY  X  Gs)  +  ^D,2V'lfl(GY  X  A3)  +  ^D_iV^2(A3  X  Gg)}  •  (DA3) 

=  DvVS(GyxG8)-  A3 

=  D{v^iv22(Gi  X  G2)  +  v2jV*2(G2  ^  G]))  *  A3 

=  D(vJiv22(Gi  xG2)  +  v2,vl2(G2XGi))  -  As 

=  D(v1,v22  -  vi2v2i)(Gi  X  G2)  •  G3  =  DGi/2det(v“p)  (1 1.28) 

where  in  obtaining  (1 1.28)  we  have  made  use  of  (1 1.23).  Since 


we  obtain  from  (1 1.28) 


V  =  D  det(vPa) 


V  =  D  det(vPa)  =  (1 1.29) 

In  the  rest  of  this  development  we  assume  each  ply  of  the  composite  is  sufficiently  thin  and 
confine  our  attention  to  the  field  equations  of  the  linearized  theory  (10.1)  and  (10.2).  Moreover, 
for  the  position  vector  R  and  the  director  D,  in  the  reference  (initial)  configuration,  we  adopt  the 
assumptions  (1 1.20)  and  (1 1.2).  Hence,  in  the  reference  configuration  we  have 
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R(e“  03)  =  R(e«)  -1-  03  A3  ( 1 1 .30) 

D  =  DA3  ,  Da  =  0  .  D3  =  D(T1“)  =  D(0“)  (11.31) 

and 

P*  =  R-»-^A3  =  R-f-(03-i-^D)A3  (11.32) 

As  mentioned  before,  within  the  scope  of  the  linear  theory  and  a^^  may  be 

replaced  by  their  reference  (initial)  values  in  the  definitions  of  the  various  resultants.  We  now 
proceed  to  obtain  the  resultants  which  occur  in  the  linearized  equations  of  motion.  Consider  T“ 
and  within  the  context  of  the  linear  theory  make  use  of  (5.7),  (5.21)  to  write 

TO  =  Gi/2x«jGj  =  -^  J  T*“d^  ^  ^  t  G*i/2x*ajGj*d^ 

or 

Gl/2(xaPGp  -I-  T«3G3)  =  -^  J  ^  G*l/2(x*aPGp  +  X*“3G3*)d4 

=  j ^  G*i/2{x*af5(vTpGY+  pAs)  +  T*“3DA3}d^ 

I  -H  J  vGJ/2(^D  pT*“P  ^-  DT*“3)A3d^  (1 1.33) 

I  where  in  obtaining  (11.33)  we  have  made  use  of  (11.25)  and  (11.29).  Since  Gp  and  A3  are 

linearly  independent  vectors  and  since  Gp,  A3  and  G^^  are  independent  of  it  follows  from 

*  (11.33)  that 

I  t  t 

xap  =  ^  I  J  ,  x«3  = -^  J  ^  v(^D  pX*“P Dx*“3)d4  (11.34) 

I  ^  °  ^  “ 
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We  note  that  the  composite  stress  vector  is  not  related  to  T*^  (within  each  constituent  of  the 
composite)  and  must  be  specified  by  a  constitutive  relation  separately.  In  a  similar  manner,  we 
consider  S“  and  within  the  context  of  linear  theory  we  use  (5.10),  (5.22)  to  write 

S“  =  Gl/2sajGj  =  -^  j  ^  T*“^  d4  =  -^  J  d^ 

or 

Gl/2(soPGp  s“3G3)  =  -^  j  ^  G*l/2(.C*apG  •  +  x’^^Gs  )^  d^ 

=  -^  J  ^  G*i/2{x*“P(virpGY  +  ^D.pA3)  +  x’“3DA3  d^ 

=  -^  J  ^  vG*^x*“MpG^  d^ 

+  .^  J  vG1/2(^D  pt*“P  +  Dx*“3)A3^  d^  (11 .35) 

where  in  obtaining  (11.35)  we  have  made  use  of  (11.25)  and  (11.29).  Since  Gp  and  A3  are 
linearly  independent  and  since  Gp,  A3  and  are  not  functions  of  we  obtain  from  (1 1.6) 

s«P  =  .^  J  ^  vx*“TVP^  d^  ,  =  -^  J  t  px*“P  +  Dx*“3)^  d^  (11 .36) 

We  recall  that 


s3i  =  0  (11.37) 

Next,  we  consider  k  and  in  the  same  manner  we  write 


Gl/2k  =  G>/2(k“Ga  +  k3G3)  =  -^  J  T*3d^  "  I  o  G**'^x*3jGjd^ 


or 
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G‘'2(k«Ga  +  kUs)  =  -r-  f  G*l/2(x*3aG  *  +  x*33G3*)d^ 

S2  ■'  P 

=  Ti- f^G*i/2{x*3a(vY„GY+^D  ' 

S2  •’  o  '  ■ 

=  1  f  ^  vGl/2x*3avY„G^^ 

S2  *’  o 

+  1  f  ^  vG^/2(^DaT*3''  +  DT*33)A3d^  (11.38) 

S2  •'  o 

where  again  in  obtaining  (11.38)  we  have  made  use  of  (11.25)  and  (11.29).  By  the  usual  argu¬ 
ment  it  follows  from  (1 1.38) 

k“=-^  J\x*3TV“^4  ,  k3=^j\(^D.aT*3“-(-Dt*33)d^  (11.39) 

Collecting  the  results  of  this  section,  we  have 

x«P  =  ^  ,  t«3  =  -^  j^v(^Dpx*“P  +  DT*“P)d^ 

x^'  or  must  be  specified  directly  by  a  constitutive  equation. 

soP=^  J^vx*“TVP^d^  ,  s“3  =  -^  j\(^Dpx*“P-t-Dx*“P)^d^ 

s3i  =  0  or  S3  =  0  (11.40) 

k“  =  f  vx*3A'“3d^  ,  k^  =  -^  f  ^  v(^D  aT*^“  Dx*33)d^ 

^2  ■'  o  S2  ■’  o 

The  resultants  in  (11.40)  are  defined  in  terms  of  the  stress  tensor  x*'j  referred  to  the  convected 
coordinates  ti'  =  {0“,^). 

Next,  we  proceed  to  obtain  the  counterparts  of  ( 1 1 .40)  in  terms  of  normal  coordiantes 
C  =  =  {t1“»C}  =  {6“.C)  where  we  have 
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i;  =  D4  (11.41) 

Let  the  contravariant  stress  tensor  in  the  context  of  classical  continuum  mechanics,  referred  to 
the  normal  coordinates  be  denoted  by  x*'l.  The  relationship  between  x*'j  and  x*'j  is  obtained  by 
making  use  of  the  transformation  law  between  two  second  order  tensors  as  follows: 


dn'x' 


•k/ 


(11.42) 


Hence, 


=  iSi  151  - 151  (151  x-kx  + 151 

^  dn'  ^  ^  ' 


=  5“.y5P;^X*'>'^  =  X*“P 


dn' 


(11.43) 


and 


dT|Y  dq  dq  dq 


=  5«y(^D,x)x*T^^  -H  D5“^x*T^  =  ^  D’Px*«P  +  Dx*“3 
dTj^  aT\l  dn'  drj/  d*,  dT)/ 


(11.44) 


3/ 


~*33\ 


=  ^  D.y  (^  D  xx'T^^  -(-  Dx*T^)  D(^  D  xx*3^  -t-  Dx*33) 

=  ^2D  aD  pX*“P  -(-  2^DD  aX*“3  +  d2x*33  ( 1  ]  .45) 

We  note  that  if  the  thickness  of  the  representative  element  in  the  direction  of  normal  is  h2,  we 
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have 


C  =  0  at  ^  =  0 
C  =  h2  at  ^  =  ^2 

Hence 


(11.46) 


0^2  =  h2 


(11.47) 


which  relates  ^2  to  ^2  and  D.  In  particular,  if  D  =  1  we  obtain  D  =  A3  and 


^2  =  h2 


We  now  define  a  new  set  of  composite  field  quantities  in  terms  of  x*'j  as  follows 

?“  =  e3DpxP“-hDx3« 

=  (03)20  aD.pX«P  -(-  03DD.a(X«3  +  T3a)  +  02x^3 


(11.48) 


(11.49) 


s^'  =  0 


where  p“.y  and  p.  are  given  previously  by  (1 1.17)  and  (1 1.18).  Making  use  of  (1 1.43)  to  (1 1.45) 
in  (11.49)  we  obtain 


TaP  =  TaP  ,  V«  =  x®^  =  x«3  =  Dk“  +  +  sP“D  p 

?J  =  Ds'j  ,  V3  =  Dk3  -  DBaps“P  +  D  aS“3 


(11.50) 


which  relates  the  two  sets  of  definitions  (1 1.40)  and  (1 1.49). 
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12.  Linear  constitutive  relations  for  elastic  composite  laminates 

This  section  is  concerned  with  the  derivation  of  the  constitutive  relations  for  a  composite 
laminate  in  terms  of  those  of  its  constituents.  In  what  follows  we  assume  that  each  of  the  consti¬ 
tuents  of  the  laminated  composites  is  a  homogeneous  isotropic  elastic  material.  We  recall  that 
within  the  scope  of  the  linear  theory  all  kinematical  variables  are  referred  to  the  reference 
configuration.  Previously  we  showed  that  the  strain  energy  function,  \\f  may  be  written  as 

V  =  ¥(Yu,%Yi)  (12.1) 

We  assume  that  in  the  case  of  the  linear  theory  \|/  is  given  by  a  quadratic  function  of  the 
infinitesimal  kinematical  variables  Yij,  %.]  and  Yj.  We  also  recall  that  after  systematic  lineariza¬ 
tion  of  the  expression  for  power,  we  obtained  for  the  linear  theory 


PoE  =  t'JYji  +  s>j  +  k‘Yi  =  P  ( 1 2.2) 

Since  the  rates  Yij,  and  Yi  are  all  independent  and  since  the  coefficients  are  rate  independent, 
after  substituting  (12.2)  into  (12.3)  we  obtain 

Po{ Yji  +  ^  Yi)  =  't’-’Yji  +  +  k‘Yi  (12.3) 

or 

-  Po  ■^)Yji  +  (s'j  -  Po  +  (k‘  -  Po  ■^)Yi  =  0  (12.4) 

Hence 


BASE 


-61  - 


s«  =  p<,^  (12.5) 


The  relationship  between  the  strain  energy  function  y,  per  unit  mass  of  the  composite,  and  those 
of  the  constituents  is  given  by 


or 

PoV  "  J  o  Jo  P^PoV*)d4  ~  1*^  PCPoiVDd^  ^  Jh)  P^Po2V2)d^  (12.7) 

where  Poi.  and  po2  denote  mass  densities  of  the  constituents  ‘B*  and  Bi-  We  recall  that  in 
three-dimensional  linear  theory  we  have 


PoV  =  yE^YijY*" 


and 


We  also  recall  that  for  isotropic  elastic  materials  we  have 


=  X*G*ijG^  +  P*(5i„,5)n  +  5V&i^) 
T*'j  =  p*(G*‘^G*j"  +  G*‘"G*J'"  -I- 


1  *  _  2v* 
^  l-2v’ 


P 


0 


(12.8) 

(12.9) 

(12.10) 

(12.11) 

(12.12) 
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For  an  explicit  set  of  constitutive  relations  the  integration  on  the  right  hand  side  of  (12.7)  must 
be  carried  out  using  (12.8)  for  poV*-  Here  we  remark  that  as  in  the  case  of  two  dimensional 
theories  of  continuum  mechanics  (such  as  plates  and  shells),  except  possibly  in  very  special 
cases,  it  appears  to  be  extremely  difficult  to  calculate  the  function  y  in  (12.2)  from  the  strain 
energy  function  \|/*  of  the  classical  three  dimensional  theory.  In  the  case  of  composite  materials 
this  becomes  more  complicated  due  to  the  existence  of  two  (or  more)  materials. 

Alternatively,  in  order  to  provide  constitutive  relations  in  which  the  coefficients  are  related 
to  elastic  constants  of  the  constituents  we  can  make  use  of  the  so-called  specific  Gibbs  energy 
function.  This  method  proves  to  be  more  convenient  for  the  derivation  of  the  linear  constitutive 
equations  for  a  composite  laminate  and  will  be  described  in  the  next  section. 
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13.  Linear  constitutive  relations  for  composite  laminates:  An  alternative  procedure 

In  this  section  we  introduce  an  alternative  procedure  for  the  derivation  of  the  linear  consti¬ 
tutive  equations  for  a  composite  laminate.  The  method  takes  advantage  of  the  specific  Gibbs 
energy  function^. 

We  recall  that  the  central  idea  in  the  derivation  of  the  constitutive  relation  for  an  elastic 
composite  laminate  was  that  the  specific  internal  energy  is  given  by  a  function  of  the  form  (12.1) 
where  in  the  case  of  the  linear  theory  it  reduces  to  a  quadratic  function  of  its  arguments.  As 
mentioned  previously,  although  expression  (12.6)  is  elegant,  the  explicit  integration  of  (12.6)  in 
most  cases  becomes  exceedingly  difficult.  Here  we  provide  and  alternative  approach  for  explicit 
derivation  of  the  constitutive  relations  (for  the  linear  theory  of  a  composite  laminate)  in  which 
the  coefficients  are  related  to  the  elastic  constants  of  the  constituents. 

We  recall  that  the  constitutive  equations  of  the  classical  linear  theory  of  elasticity  in  the 
context  of  purely  mechanical  theory  may  be  expressed  in  terms  of  the  three-dimensional  specific 
Gibbs  free  energy  function,  say  <])*,  in  the  form^ 

where  yy  is  the  infinitesimal  strain  and  where  <j)*  and  \j/*  are  related  through 


<|)*  =  <t>’(i*y)  =  \|f*(Yij)  -  -X 

Po 


(13.2) 


and  0  and  \j/  are  quadratic  functions  of  their  arguments  and  both  also  depend  on  the  reference 


^  This  idea  was  first  introduced  by  Green,  Naghdi  and  Wenner  [1971],  in  the 
context  of  Cosserat  surface  theory. 

^  The  partial  derivative  is  understood  to  have  the  symmetric  form 


T  ^  ax*>j  at*'j  ^ 
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values  of  Gjj.  It  may  be  noted  that  the  function  (j)*  defined  by  (13.2)  is  the  negative  of  the 
expression  for  the  complimentary  energy  density.  We  now  recall  that  the  Gibbs  function  0*  for 
an  initially  homogeneous  and  isotropic  material  can  be  expressed  as 


PoV  =  {-  G^nGj;  +  GijG^„)  T*yx*mn  (13.3) 

where  Gj]  is  the  initial  metric  tensor,  E*  is  Young’s  modulus  of  elasticity  and  v*  is  Poisson’s 
ratio. 


Within  the  scope  of  the  linear  theory  and  corresponding  to  (12.6)  we  define  a  composite  QibSs 
fnt  energy  {or  a  "composite  complementary  energy")  0  as  follows: 


From  (13.2),  by  integration  with  respect  to  ^  between  zero  and we  obtain 


(13.4) 


'  J  ^  p„-G->«<l|-d5  =  '  /  ^  p„-G-l  J  G->%’%;d5 


Considering  (12.6),  (13.2)  and  (13.4),  we  may  rewrite  (13.5)  as 


(13.5) 


PoGi/20  =  p„Gi/2\i/  -  f  G*i/2T*ijYi*d^ 
S2  •'  o  ■’ 


or 


03.6) 

where  in  obtaining  (13.6)  we  have  made  use  of  (1 1.29).  By  making  use  of  the  expressions  for 
Yij,  the  expressions  for  various  resultants  and  the  kinematic  assumptions  for  R  and  D,  we  can 
express  the  integral  in  (13.6)  in  terms  of  the  various  resultants  and  their  corresponding  relative 
kinematic  measures.  However,  as  before  the  constitutive  relations  for  the  interlaminar  stress 
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vectors  T‘  should  be  specified  directly.  Keeping  this  and  expressions  (13.2)  and  (13.6)  in  mind, 
we  assume  the  existence  of  a  Gibbs  free  energy  function  (J),  such  that 


Po4>  =  po<t>('c'J,sU.k>)  =  PoV  -  { +  s'J +  k'Y, )  (1 3.7) 


Differentiating  both  sides  of  (13.7)  with  respect  to  t,  we  obtain 
Po£=  PoV  =  Po^  +  (x'J  Yij)  +  +  (k‘  Yi) 

=  po0  +  f ^ij  +  T'JYij  +  s'j  (Kij  -t-  s'j  k^i  -I-  k*Yi  (1 3.8) 

Next,  we  substitute  (13.8)  in  the  expression  for  power  (12.3) 


Po4>  +  'c'^Yi]  +  +  kS'i  +  +  s’Jl^  +  k’Yi  =  x'>yij  -i-  s'J!^  -i-  k'Y, 

or 


P”' Jr  *  J- 

or 

(Yij  +  P=  ll-)?'  +  («;,  +  Po  (r.  +  Po  =  0  (13.9) 

where  we  have  assumed  the  rates  r'j,  s'j  and  k'  are  all  independent  and  their  coefficients  are  rate 
independent.  From  (13.9)  it  follows 

Yii  =  -Po|| 

^j  =  -Po-^  (13.10) 


T.  =  -  Po 

We  note  that  the  relationship  between  the  Gibbs  energy  function  (J),  per  unit  mass  of  the  compo- 


90 

9k' 
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site,  and  those  of  the  constituents  is  given  by 

PoGi/24)  =  -^  J  Po*G*i/20*d^  (13.1 1) 

S2  o 

or 

~  1^  o  ~  Jo  io  ^  ihi  P^^Po2^^^^  (13.12) 

where  <{>*  for  an  isotropic  elastic  material  is  given  by  (13.3).  The  explicit  determination  of  the 
various  coefficients  in  constitutive  relations  is  beyond  the  scope  of  this  project  and  is  left  for  a 
follow-on  project. 
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14.  Some  results  for  the  case  of  a  normal  director 

We  recall  that  in  the  context  of  the  present  Cosserat  composite  theory,  director  d  is  a  three 
dimensional  vector  associated  with  each  composite  particle  and  in  general  the  only  restriction 
placed  on  d  is  that  it  cannot  be  tangent  to  any  ply.  The  case  in  which  the  director  D,  at  each 
composite  particle  in  the  reference  configuration,  is  taken  to  be  the  unit  normal  to  the  ply  is  of 
special  interest.  In  such  case,  in  order  to  allude  to  the  direction  of  D  in  the  present  configuration, 
we  may  refer  to  director  as  "normal  director."  This  section  contains  some  results  for  the  case  of  a 
normal  director.  The  results  of  this  section  will  be  nelpful  when  we  apply  the  theory  to  the  cases 
of  initially  flat  and  initially  cylindrical  composite  laminates.  Therefore,  in  this  section  as  well  as 
in  the  rest  of  this  development  and  within  the  context  of  the  linearized  theory  we  confine  our 
attention  to  the  case  for  which  D  is  unit  vector.  Hence,  we  make  the  following  kinematical 
assumptions  in  the  reference  (initial)  configuration: 

R(0«,03)  =  R(0«)  +  03  A3  (14.1) 

D  =  A3  (14.2) 

and 

P*(0“,03,^)  =  R(e“,e3)  +  ^D(0“  03)  =  R  (03  ^)A3  (14.3) 

where  P*  is  the  position  vector  of  an  arbitrary  point  P*  of  the  micro-body,  R  is  the  position  vec¬ 
tor  of  the  point  P,  corresponding  to  P*,  in  the  macro-body,  and  D  is  the  director  at  point  P.  It  is 
worth  observing  that  in  (14.1)  and  (14.3)  the  term  involving  ^  accounts  for  the  effect  of  micro¬ 
structure  while  the  term  involving  03  represents  the  continuum  behavior  of  the  macro-structure, 
namely  the  composite  laminate.  In  this  connection  it  is  imponant  to  realize  that  if,  at  the  outset, 
in  (14.3),  we  discard  ^  with  respect  to  03  we  will  lose  the  effect  of  the  micro- structure  in  the  con¬ 
tinuum  formulation  of  composite  laminates. 
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From  (14.2)  it  follows 


Da  =  0  ,  D3  =  D(ti“)=1 


and 


C  =  ^ 


From  (14.1)  we  obtain 


Ga  =  -^  =  R.a  =  R.a  +  0^A3.a  =  R.a  "  =  R.a  " 

G3  =  |«=R,  =  A3 

Making  use  of  (14.6)  we  write 

Gap  =  R.a  •  R  p  -  e3(BY„R  p  +  BYpR  «)  '  Ay-h  (e3)2BYaB5pA^ 
Ga3  =  (Ra-6^BY„A..)  - A3  =  0 


and 


G33  =  A3  •  A3  =  1 


G*^  -  [Gi,G2,G3]  =  (Gj  X  G2)  *  G3  =  (Gi  X  G2)  •  A3 


=  (R.i  X  R,2)  •  A3  -  83pY,(A.y  X  R,2)  •  A3  -  e3BY2(R,,  X  Ay)  ■  A3 

+  (e3)2BYiB52(AYXA5)-A3 
Moreover,  from  (14.2)  and  (14.3)  it  follows 

Ga  =  ^a  ~  00a  ~  "*■  ^A3  ^  =  R,a  ~  ^BY^Ay  =  vY^Gy 


r  *  -  -  A 

G3--0^-A3 


where 


vYa  =  5Y„-^BY„  =  ^Y„ 


(14.4) 


(14.5) 


(14.6) 


(14.7) 


(14.8) 


(14.9) 


(14.10) 


BASE 


-69- 


V  =  D  det(vYa)  =  det(v'yo)  =  det(|i'Ya)  =  ^ 


Making  use  of  (14.9),  we  obtain 


Gap  =  vT^aV^pG^S  =  II^a^^pG-yg 


(14.11) 


Gi  =  0 


(14.12) 


G33  =  1 


G*i/2  =  Gi^det(v“p)  =  vGJ/2  = 


In  view  of  (14.1)  to  (14.3)  and  (14.10)  to  (14.13)  expressions  (1 1.40)  are  reduced  to 


(14.13) 


1  ,  ^h2 

T«P=-jL  I  Vt*«VvPYd^  ,  I  VT*“3d^ 


T^'  or  are  specified  by  a  constitutive  equation  directly. 


1  S2=h2  ^2=^2 

S“P=-J^  I  VX*“lVP^d^  ,  s“3  =  -jL  I  VT*“3^d^ 


s^^  =0  or  =  0 


(14.14) 


1  1 


while  definitions  (1 1.49)  become 
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(14.15) 


^3ot  ^3Ck  “  <^33 

v’  =  ^  1 11(?”  -  B„j?“l'nP^)d5 

Also,  the  transformation  between  T*'j  and  x*‘-i,  namely  expressions  (14.14)  to  (14.16),  are  now 
given  by 


T*'j  =  x*y  (14.16) 

Finally  the  relations  between  the  two  sets  of  definitions  (14.14)  and  (14.15)  are  reduced  to 

t“P  =  i«P  v“  =  ?*^  =  X^  =  k“  +  B“ysT® 

s')  =  sy  -  Baps“P 


(14.17) 
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15.  Theory  of  initially  flat  composite  laminates 

We  arc  now  in  a  position  to  apply  the  theory  of  Cosserat  composite  to  special  initial 
geometric  configurations.  In  this  section  we  apply  the  theory  to  the  case  of  an  initially  flat  com¬ 
posite  laminate.  The  case  of  an  initially  cylindrical  composite  laminate  will  be  considered  in  the 
next  section. 

Consider  a  composite  laminate  and  let  its  plies  be  flat  (i.e.,  having  no  curvature)  in  the 
reference  (initial)  configuration.  Let  Ci  (i  =  1,2,3)  be  the  base  vectors  associated  with  a  system 
of  Cartesian  coordinates  Xj  (i=  1,2,3).  The  position  vector  of  a  plane  surface  perpendicular  to  63 
and  passing  through  the  point  (0,0,c)  may  be  specified  by 

p(x*)  =  x'ei -f-x2e2  +  ce3  (15.1) 

where  c  is  a  constant.  In  view  of  (15.1)  and  recalling  formulae  (14.1)  to  (14.3)  we  adopt  the  fol¬ 
lowing  kinematical  assumptions  for  an  initially  flat  composite  laminate: 

R(x“,x^)  =  x*ei  + 

D  =  A3  =  €3 
and 

P*(x“,x3,^)  =  R  -t-  ^Ce  =  x^ei  -I-  x^e2  +  (x^  -1-  ^)e3  (15.4) 

W2  recall  that  (15.2)  specifies  the  position  of  an  arbitrary  macro-particle  of  the  composite  lam- 
in.  te  while  the  position  vector  of  the  micro-panicle  corresponding  to  the  macro-panicle  is  given 
by  (15.4). 

First  we  proceed  to  obtain  various  quantities  associated  with  the  surface  (15.2).  The  base 
vectors  of  the  surface  are  obtained  from  (15.2)  as  follows: 


(15.2) 

(15.3) 
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A  =iB_ 

dx“ 


a_3R-o  *_aR_^ 


(15.5) 


The  components  of  the  surface  metric  tensor  are 


Aop  =  Aa  •  Ap 


All  =  Cl -61  =  1  .  Ai2  =  A21  =  Ai  •  A2  =  0  ,  A22-e2-e2-l 


(15.6.a) 


/A  *  0 

(Aap)  -  0  1 


(15.6.b) 


Moreover,  we  have 


A«PApy  =  5“y  =>  A“P  =  (Aap)- 


(15.7) 


Hence, 


A“P  = 


1  or  10 


0  1  -  0  1 


The  conjugate  base  vectors  of  the  surface  are  given  by 


A«=  A“PAp 


Therefore 


(15.8) 


A’  =  A”Ai  +  A’2A2  =  Ai=ei  ,  A^  =  A2’A] -h  A^ZAj  =  A2  =  62  (15.9) 

The  unit  normal  to  the  surface  follows  from  (15.9): 


A|  X  A2 

~  lAi  X  A2I  ~ 


(15.10) 
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which  confirms  (15.3).  In  view  of  (15.5.b)  and  the  expressions  for  Christoffel  symbols  of  the 
first  and  second  kind,  i.e.. 


and 


3x“  8xP 

{a^p)=a^[ap.5] 

In  view  of  (15.6.b),  it  is  clear  that  all  Christoffel  symbols  vanish,  i.e., 

[ap,Y]  =  {a^p)=0 

Coefficients  of  the  second  fundamental  form  of  the  surface  are  given  by 

BqP  —  ^a.p  ^3  ~  “  Ap  ■  ^2,a 
It  then  follows  from  (15.4)  and  (15.13)  that 


(15.11) 


(15.12) 


(15.13) 


Bap  =  B“p  =  0  (15.14) 

This  shows  that  for  an  initially  flat  ply  (plate)  the  components  of  the  second  fundamental  form  of 
the  surface  vanish  identically. 

Next,  we  obtain  the  various  kinematical  quantities  associated  with  micro  and  macro  contin- 
uua  for  the  case  of  initially  flat  composite  laminate.  From  (14.6)  it  follows 

^  _  dR  _  8R 

vJq  — Tisrrr'  ~  ~  "■  "r 


90“  dx“ 


r  _  9R  _  9R 


(15.15) 


From  (15.15)  we  obtain 
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or 


Also, 


Gap  —  R.a  ■  —  Ca  ■  ®P 

Ga3  =  R.a  •  G3  =  Ca  •  63  =  0 

G33  =  G3  ■  G3  =  63  •  63  =  0 


(Gij)  = 


1  0 
0  1 
0  0 


0 

0 

1 


Gi/2  =  (G,  X  G2)  •  G3  =  (e,  X  62)  •  63  =  1 


Moreover,  from  (14.9),  (15.4)  and  (15.14)  we  have 


.  _  ap’  _  ap* 


G3*  = 


A3  =  03 


Also,  from  (14.10)  and  (14.1 1)  we  obtain 


vT„  =  n7„  =  5Y„ 
and 


V  =  D  det(vY„)  =  ^  =  1 

Making  use  of  (15.18),  we  obtain 

Gap  =  Ga  •  Gp  =  Ca  •  ep 

GcJj  =  Ga  •  G3  =  Ca  •  63  =  0 

G33  =  G3  •  G3  =  63  •  63  =  1 
or 


(15.16.a) 


(15.16.b) 


(15.17) 


(15.18) 


(15.19) 


(15.20) 


(15.21. a) 
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1  0  0 

(Gi])=  0  1  0  (15.21.b) 

0  0  1 

It  then  follows  that 

G*i/2  =  (Gf  X  G2)  •  Gs*  =  (ei  X  62)  •  63  =  1  (15.22) 

By  (15.17)  and  (15.22)  we  have 

(.gl)i/2=i=v  =  )i  (15.23) 

which  confirms  (15.20).  In  view  of  (15.2)  to  (15.4)  and  (15.23)  formulae  (14.14)  and  (14.15) 
simplify  as  follows: 

faP  =  =  -jL  x*“PdC  ,  =  v“  =  k“  =  T*“3d; 

be  specified  by  a  constitutive  relation  directly 
s«P  =  s“P  = f  \*“PCdC  .  ^  503  =  ^  (15.24) 

s3i  =  0 

k3  =  v3  =  ^|x-33d; 

where  in  obtaining  formulae  (15.24)  we  have  noticed  that 

?y  =  T*u  (15.25) 

where  x*'J  are  now  Cartesian  components  of  the  classical  stress  tensor. 

We  recall  at  this  point  that  because  all  quantities  are  now  referred  to  rectangular  Cartesian 
axes,  covariant  differentiation  with  respect  to  metric  tensory  Gjj  is  reduced  to  partial  differentia¬ 
tion  with  respect  to  x'  (or  Xi)and  no  distinction  needs  to  be  made  between  superscripts  and  sub- 
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scripts.  In  view  of  this,  expressions  (9.30)  to  (9.32)  are  reduced  to  ^ 


(15.26) 

Yi  =  Si  +  U3.i 

(15.27) 

II 

(15.28) 

Finally,  with  the  help  of  (15.3)  equations  of  motion  for  the  case  of  an  initially  composite  lami- 

ante  are  reduced  to  ^ 

'Cij.i  +  Pobj  =  po(uj  +  y'6j) 

(15.29) 

Sij.i  (poCj  ~  kj)  =  Po(y^Sj  -1-  y^5j) 

(15.30) 

(15.31) 

We  observe  that  in  (15.31),  Eyn  is  skew-symmetric  with  respect  to  i 

and  j;  hence  it  follows  that 

%  ~ 

(15.32) 

This  indicates  that  in  the  case  of  an  initially  flat  composite  laminate  the  components  of  the  com¬ 
posite  stress  tensor  are  symmetric.  The  same  conclusion  can  be  reached  from  expressions 
(15.24)1.2,  i.e., 


in  view  of  the  symmetry  of  the  classical  stress  tensor. 


1 

I 

I 


'  In  expressions  like  (15.27)  the  Greek  letters  such  as  5;  denote  components  of 
the  director  displacement  vectors,  etc.  This  should  not  be  confused  with  the  use 
of  Greek  letters  as  indices  in  various  expressions. 
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16.  Theory  of  initially  cylindrical  composite  laminates 

In  this  section  we  continue  to  apply  the  theory  of  Cosserat  composite  to  initially  cylindrical 
composite  laminates. 

Consider  a  composite  laminate  and  let  its  plies  form  a  set  of  concentric  right  circular 
cylindrical  surfaces.  Let  x>  (i  =  1,2,3)  and  {r,0,z}  denote  Canesian  and  cylindrical  coordinates 
with  a  common  origin  in  a  Euclidean  three-dimensional  space.  Let  Cj  (i  =  1,2,3)  and  {6^,60,62) 
denote  the  unit  base  vectors  in  the  foregoing  coordinate  systems,  respectively.  We  recall  that  a 
right  circular  cylinder  of  radius  r  may  be  defined  by  a  position  vector  of  the  form 

P  =  rer-i-ze2  (16-1) 

Recalling  the  relations  between  the  unit  base  vectors  in  Cartesian  and  cylindrical  coordinate  sys¬ 
tems,  i.e., 

Cr  =  cos  0  Cl  +  sin  0  62 

ee  =  -  sin  0  Cl -I- cos  0  62  (16.2) 


we  obtain 


P  =  (r  cos  0)6]  +  (r  sin  0)62  +  Z63  (16.3) 

It  is  worth  mentioning  that  sometimes  it  is  more  convenient  to  consider  an  alternative  represen¬ 
tation  of  the  cylindriccal  surface  (16.3)  as  follows; 

P  =  (rcos  |')ei4-(rsin -p)62  +  ze3  (16.4) 

where  s  =  r0  is  the  arclength  measured  from  a  fixed  point  (0  =  0)  along  the  section  curve.  Let  us 
now  introduce  a  set  of  coordinates  0*  (i  =  1,2,3)  such  that 
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ei=re  ,  02  =  Z  ,  03  =  r  (16.5) 

Hence,  in  terms  of  0*  coordinates  we  have 

P  =  (03  cos  -1^)61  +  (03  sin  -|^)e2  +  02e3  (16.6) 

This  representation  will  facilitate  much  of  the  intermediate  steps  especially  in  connection  to  cal¬ 
culation  of  the  various  quantities  of  the  surface. 

In  view  of  the  foregoing  explanation,  we  now  adopt  the  following  kinematical  assumptions 
for  an  initially  cylindrical  composite  laminate 

R(r,0,z)  =  rCr  +  zCz 

D  =  A3  =  er  (16.7) 

P*(r,0,z,O  =  (r  +  i;)er-i-ze2 
Making  use  of  (16.5),  we  can  rewrite  this 

R(0“,03)  =  (03  cos  |^)ei  +  (03  sin  -|^)e2  +  02e3 

D  =  A3  =  (cos -^)e] -(- (sin -^)e2  (16.8) 

P*(0«,03,C)  =  [(03  -h  C)cos  I^Jei  +  [(03  -h  Osin  |J-]e2  +  02e3 
The  base  vectors  of  the  surface  are  obtained  from  (1 6.8)1  as  follows 


Hence  we  have 
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and 


01 


01 


-  -  (sin  ■^)®i  "i"  (cos  -5^)62  —  ce 


^2  =  ^.02  =  63  =  Cz 


From  (16.9)  and  (16.10)  we  obtain  the  components  of  the  surface  metric  tensor  Aap 


Aap  —  Aq  •  Ap 


Therefore 


All  =  Ai  •  A]  =  [-(sin  0i)ei  -1-  cos(0i)e2]  •  [-(sin  0i)ei  -1-  (cos  0i)e2]  =  1 


Ai2  =  A21  =  Ai  •  A2  =  [-(sin  0i)ei  +  (cos  0i)e2]  •  €3  =  0 


A22  =  A2  •  A2  =  €3  •  63  =  1 


or 


(Aap)  = 


- \ 

1  0 

[0  Ij 

II 

0  1 

Moreover,  we  have 


A«^ApY=8«Y  =?►  A“P  =  (Aap)-i 


Hence, 


I'  ■' 

1  0 

-1 

1  0 

0  1 

0  1 

The  conjugate  base  vectors  of  the  surface  are  given  by 


A“  =  A«PAp 


(16.9) 


(16.10) 


(16.11.a) 


(16.11.b) 


(16.12) 


(16.13) 
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Thus, 

-t-  A^^A2  =  A)  =  eg 

A^  =  A^^  A]  -(-  A22A2  =  A2  =  63  =  Cz 
The  unit  normal  to  the  surface  follows  from  (16.14) 


(16.14) 


=  IaIxa'i  =  lA.xA^I  IHsme'y,  +  (cose')e2l x ej) 
or 

A3  =  {-(sin  |^)(ei  X  63)  -I-  (cos  |^)(e2  x  63) ) 

=  tstW  '■*“"  P'**'  P'*^' 

=  (COS  |^)ei  -t-  (sin  |^)e2  =  e. 

We  note  that  A3  could  have  been  obtained  from  vector  product  of  eg  and  Cz.  However,  to  illus¬ 
trate  the  general  procedure  we  did  not  make  use  of  eg  and  ez.  The  Christoffel  symbols  of  the  first 
and  second  kind  follow  from  (16.1 1) 

laP.7]=la^p}=0  (16.16) 

and  coefficients  of  the  second  fundamental  form  of  the  surface  are  given  by 


hence. 


^aP  —  Aa_p  •  A3  —  Aq  •  A3_(i 
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Bn  =  Ai.i  •  A3  =  [-(sin  +  (cos  p-)e2].i  •  ((cos  |^)ei  +  (sin  1^)62] 

=  [-(cos  •^)®i  “  (i»in  -^)e2]  ’  [(cos  •^)®i  +  (sm  ■^)®2]  =  -  =  -  ~ 

Bi2  =  A2.1  •  A3  =  (63X1  •  [(cos  -|^)ei  +  (sin  -|x)e2]  =  0 
B21  =  A1.2  •  A3  =  [-(sin  |^)ei  +  (cos  •  [cos  (|T)ei  +  (sin  -|^)e2]  =  0 
B22  =  A2.2  •  A3  =  (€3X2  ■  [(cos  -|^)ei  +  (sin  |T)e2]  =  0 

Therefore 


(Bap) 


*« 

-  1/03  0 

'  o 

1 

k _ 

0  0 

o 

.  o 

(16.17) 


We  also  have 


B“p  =  A«TB^ 


Hence, 

Bl,=A"B„  +  Al2B2,=-^=-i 

B^2  —  A^^B21  +  A'^B22  =  0 
B2i=A2‘B„  +  A22B2i=0 
B22  =  A2'Bi2  +  A22B22  =  0 


(B“p)  = 


'  ^ 

-  1/03  0 

'  % 

-  1/r  0 

0  0 

0  0 

(16.18) 


Next,  we  obtain  the  various  kinematical  quantities  associated  with  micro  and  macro  continua  for 
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the  case  of  initially  cylindrical  composite  laminates.  From  (14.6)  and  (16.8)  it  follows  that 

Gi  =  -Jp-  =  -  (sin-p-)e]  +  (cos  =  Ce 


G2  =  =  63  =  Cz 


G3  =  Jp-  =  (cos  |^)ei  +  (sin  |^)e2  =  e, 


From  (16.19)  we  obtain 


(16.19) 


Gii  =  Gi  •  Gi  =  [-(sin^)ei  -i-  (cos  -|r)e2l  •  [-(sin-|^)ei  +  (cos  -1^)62]  =  1 
Gi2  =  G21  =  Gi  •  G2  =  l-(sin^)ei  +  (cos  p-)e2]  •  63  =  0 
Gi3  =  G31  =  Gi  •  G3  =  [-(sin|J-)ei  +  (cos  ■|3-)e2]  •  [(cos  |^)ei  +  (sin|^)e2]  =  0 


G22  G2  ■  G2  =  ©3  •  63  =  1 

G23  =  G32  =  G2  •  G3  =  63  •  [(cos  p-)ei  -i-  (sin  -^)e2]  =  0 
G33  =  G3  •  G3  =  [(cos  |^)ei  +  (sin  -|^)e2]  •  [(cos  -|^)e  -1-  (sin  p-)e2]  =  1 

Hence 


We  also  have 


(Gij) 


1  0  0 
0  1  0 
0  0  1 


(16.20) 
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G1/2  =  (GixG2)-G3 


-  {[-(sin  •^)(“C2)  +  (cos  ■  [(cos  ■^)ci  +  (sin  ■^)C2]  =  1 

Moreover,  from  (14.9)  and  (16.7)  we  have 

^  ^03  ^  ee 

G2=|^=*3  =  ** 

G3  =  -^-  =  •^-  =  [(cos  0')ej  +  (sin6^)e2]  =  ©r 
Also,  from  ( 1 4. 1 0),  ( 1 4. 1 1 )  and  ( 1 6. 1 8)  we  obtain 


v^a  =  =  8^a  "  =  b\  -  CBY„ 

v'2  =  v^i  =  0 

v22=  1 

or 


(vYa)  =  (lt^a)  = 


(r+C)/r 

0 


0 

I 


and 


V  =  D  det(v'i'a)  =  deUvTo)  =  ^  = 


(16.21) 


(16.22) 


(16.23) 


(16.24) 
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Making  use  of  (16.22)  we  obtain 

Gn  =  Gf  •  Gi*  =  (■^^)2[-(sin  ei)ei  -i-  (cos  0^)62]  •  [-(sin  0^)61  -1-  (cos  0^)62]  = 

Gn  =  G21  =  G*  •  G2  =  (-^^)[-(sin  0i)ei  +  (cos  0i)e2]  •  03  =  0 

Gfs  =  G31  =  G*  •  G3*  =  ( )[-(sin  0^)ei  (cos  0^)62]  •  [-(cos  0^)ei  -1-  (sin  0^)02]  =  0 

G22  =  G2  •  G2  =  63  •  63  =  1 

Gzj  =  G32  =  G2  •  G3*  =  63  •  [(cos  0^)e]  -t-  (sin  0*)e2]  =  0 
G33  =  G3*  •  G3*  =  [(cos  0i)ei  +  (sin  0*)e2]  •  [(cos  0^)e]  +  (sin  0*)e2]  =  1 

Hence, 

"  r  ^ 

(l+C/03)2  0  0  (l+C/r)2  0  0 

(Gij)=  0  10=0  10  (16.25) 

0  0  1  0  0  1 

‘  ✓  V*  ^ 

It  then  follows  that 

G*i/2=  {det(Gip)i/2  =  (-^)  =  -t^  (16.26) 

By  (16.21)  and  (16.26)  we  have 

(-^)*'2  = -^^  =  V  =  ^  (16.27) 

which  confirms  (16.24).  In  view  of  (16.8)  and  (16.27)  formulae  (14.14)  and  (14.15)  reduce  to 

=  “C"*  =  7^  (1  +  |)x’“A^VC  =  7^  G  +  -^)V“’dC  (16.28.a) 

^  "  1^  il'  -^)t’“A^VC  =  7^  f  )x*“2dC  (16.28.b) 
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^  (1  +  |.)T*“3dC  =  V“ 

(16.28.C) 

be  specified  by  a  constitutive  relation  directly 

(16.28.d) 

S«1  =  S“>  =  (1  +  i)t-<nv'^d;  =  f \l  +  f  )V»'CdC 

(16.28.e) 

(16.28.f) 

(16.28.g) 

s^*  =  0  or  =  0 

(16.28.h) 

(16.28.i) 

(16.28.j) 

(16.28.k) 

It  is  interesting  to  observe  that  when  the  radius  of  the  cylindrical  laminate  becomes  large  (i.e., 
when  the  cylindrical  surface  approaches  a  flat  surface)  the  value  of  becomes  small  and  may 

be  neglected  in  comparison  to  unity  (ideally  approaches  zero)  and  the  various  expression 
obtained  in  this  section  will  reduce  to  those  obtained  for  an  initially  flat  composte  laminate. 

The  relative  kinematical  measures  Yy,  Yi  and  are  now  given  by 

Yij=  Y(uiij  +  Ujii) 


(16.29) 
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i^j  =  Siij  (16.31) 

where  a  vertical  bar  ( I )  denotes  covariant  differentiation  with  respect  to  coordinates 
0‘  (i  =  1,2,3)  as  specified  by  (16.5).  Moreover,  equations  of  motion  are  given  by 

'ciii  +  Pobj  =  po(aj  +  y‘Pj)  (16.32) 

s/ii  +  (PoCj  -  kj)  =  po(y^aj  -t-  y2pj)  (16.33) 

where  all  components  in  the  above  are  referred  to  coordinates  0*  (i  =  1,2,3). 


For  convenience  and  systematic  reduction  of  various  results  of  this  section  we  adopted  the 
coordinate  system  (16.5).  However,  most  of  the  available  results  in  continuum  mechanics 
regarding  cylindrical  bodies  are  in  terms  of  the  cylindrical  coordinates  r,0,z.  In  order  to  write 
the  relevant  results  of  this  section  in  terms  of  r,0,z  we  consider  the  representation  (16.7)  and 
adopt  a  system  of  cylindrical  coordinates  r,0,z  such  that 


0'=0  ,  02  =  z  ,  03  =  r  (16.34) 

From  (16.7)i  and  (16.34)  it  follows 


and 


Gi-rce  ,  G2  =  ez  ,  63  =  6, 


r2 

0 

• 

0 

l/r2 

0 

0 

0 

1 

0 

,  (G>J)  = 

0 

1 

0 

0 

0 

1 

0 

0 

1 

G>/2  =  r 


Moreover,  from  (16.7)3  we  obtain 


(16.35) 


(16.36) 

(16.37) 


Gr-(r-t-Qe0  ,  02  =  ^2  ,  G3  =  er  (16.38) 

and 
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(r+C)2 

0 

0 

.  (G*U)  = 

l/(r-i-C)^ 

0 

*« 

0 

0 

1 

0 

0 

1 

0 

0 

0 

1 

<1 

0 

0 

1 

4 

From  (14.13),  (16.37)  and  (16.40)  it  follows 


(16.39) 

(16.40) 


V  =  ^  =  (^)i/2  =  =  (1  +  1)  (16.41) 

as  before.  In  order  to  calculate  expresisons  involving  covariant  differentiation  we  need  to  calcu¬ 
late  the  Christoffel  symbols  of  the  first  and  second  kind.  Christoffel  symbols  of  the  first  kind  are 
given  by 


[ijk]  =  y  (gjk.i  +  gki.j  -  gijjc) 
The  only  non-vanishing  Christoffel  symbols  of  the  first  kind  are 


(16.42) 


[311]=r  ,  [131]  =  r  ,  [113]  =  -r  (16.43) 

Christoffel  symbols  of  the  second  kind  are  given  by 

{.kj}  =gkmjjjm]  (16.44) 

From  (16.43)  and  (16.44)  the  only  non-vanishing  Christoffel  symbols  of  the  second  kind  are 

U^i)=-r  .  U^3)  =  Y  .  {3'i)  =  Y  (16.45) 

The  physical  components  of  the  displacement  vector  u  and  the  director  displacement  5  are  given 
by 
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Ui  =  (gii)~^^ui  =  (gii)’/2uJ  =  ue 

U2  =  (g22)~^^U2  =  (g22)^^u^  =  Uz 

U3  =  (g33)’^^U3  =  (g33)’^U^  =  Ur 

Si  =  (gii)“^^Si  =  (gii)^^5'  =  5e 


S2  =  (g22)  '^S2  =  (g22)*^S2  =  5z 
^  =  (g33)~’^S3  =  (g33)*^53  =  Sr 


The  physical  components  of  7y  are 


V  _  1 


dUr 


Vn  -  1 


1  Suz 


T '  ()r  r  t)6  '  r 


1  ,  dUf  duz . 


and  the  physical  components  of  yj  are 


^  _s  ,  1  Sur  ue 

s  dUr 
Yz-Sz+-^ 


5  dUr 

Y,  =  8,+  -g^ 


Also,  the  physical  components  of  are  given  by 


(16.46) 


(16.47) 


(16.48) 


(16.49) 
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_  1  3S0  5r 


OC 

^--5r 


■^-~dr 


_  96e  ^  _  1  35z 

-  .  Ate  -  T - 


r  d6 


^  _  95e  5e  _  1  95t  5e 

•^-~3r~—  ’  ^®-TW“r 


-Tk-  _  ^5z  Bdr 

^-~3r  ’ 

Next,  we  note  that  the  physical  components  of  the  stress  tensor  and  stress  couple  tensor  may  be 
written  as 

x^  =  r2t”  =  -j^Xii 


tzz  =  x22  =  T22 


trT  =  'c”  =  T33 


Xe^  =  rti2  =  lTi2 

,  Xze  =  rx2i  =  lx2i 

'Cer  =  =  y  ti3 

,  Xre  =  rx3i  =  lt3j 

Xn  =  x23  =  X23 

,  X„  =  x32  =  X32 

(16.51) 
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see  =  rV‘  =  sii 


S22  =  s22  =  S22 


s„  =  s33  =  S33 


sez- 


ser  =  rs* 


-  7-  S12  , 

S2e  =  rs^‘ 

=  Y  Si3  , 

s,e  =  rs^i 

S23  =  S23  , 

Srz  =  s32  : 

(16.52) 


Moreover,  the  physical  components  of  b,  c  and  k  are  given  by 

be  =  rb'  =  -ibi  ,  b2  =  b2  =  b2  ,  bj  =  h'^-b2 

(16.53) 

ce  =  rci  =  -i-ci  ,  Cz  =  c2  =  c2  ,  Cj  =  c^  =  cz 

(16.54) 

ke  =  rk^  =  Y  ki  ,  kj  =  k2  =  k2  ,  k^  =  =  k3 

(16.55) 

Also,  from  ( 

.46)  and  (16.47)  we  have 

lie  =  ra'  =  -p-  ai  .  =  02  ,  =  03 

(16.56) 

and 

5e  =  rP>  =  lp,  ,  6,  =  p2  =  P2  ,  6,  =  p3  =  P3 

(16.57) 

where  a  superposed  dot  denotes  panial  differentiation  with  respect  to  time.  With  the  help  of 
(16.51)  to  (16.57)  we  are  able  to  reduce  the  equations  of  motion  (16.32)  and  (16.33)  to 
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and 


“ST  +  T  -ggr  “Sr  — r —  =  Po(u,  +  yi5,) 

+  Y  "^er  +  pobe  =  po(u0  +  y^^) 


^'^zr  ,  1  ^'^zz  ,  '^zr  ,  «  u  n.  t"  ^  IS  \ 

-gr  ■*■  T  W  "3i"  T  ■*■  y 


(16.58) 


3%  ,  1  3sre  dsrz 


^  ■*■  ~  Po^y^^r  + 


3s0r  1  9see 

■gr'^Tw 


+  Y  ser  +  (PoCe  -  ke)  =  Po(y^ue  +  y^^) 


^^zr  ,  1  ^^20  ^^zz  , 

~3r'*'T-dB~'^-3r'^  — 


+  (poCz  -  k^)  =  PoCy’iiz  -t-  y^8z) 


(16.59) 


where  in  obtaining  (16.58)  and  (16.59)  we  have  also  mt?  .4e  use  of  the  expression  for  covariant 
differentiation  of  a  second  order  tensor. 
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17.  Theory  of  initially  spherical  composite  laminates 

In  this  section  we  continue  to  apply  the  theory  of  Cosserat  composite  to  initially  cylindrical 
composite  laminates. 

Consider  a  composite  laminate  and  let  its  plies  form  a  set  of  concentric  spherical  surfaces. 
Let  x'  (i  =  1,2,3)  and  {r,0,(t))  denote  Cartesian  and  spherical  coordinates  with  a  common  origin  in 
an  Euclidean  three-dimensional  space.  Let  Cj  (i  =  1,2,3)  and  {er,ee,e(,)  denote  the  unit  base  vec¬ 
tors  in  the  foregoing  coordinate  systems,  respectively.  We  recall  that  a  spherical  surface  of 
radius  r  may  be  defined  by  a  position  vector  of  the  form 

P  =  re,  (17.1) 

Recalling  the  relations  between  the  unit  base  vectors  in  Canesian  and  spherical  coordinate  sys¬ 
tems,  i.e., 

Cr  =  (sin  <t)  cos  0)ei  +  (sin  ^  sin  0)e2  +  (cos  (t))e3 

ee  =  -  (sin  0)6] -I- (cos  0)e2  (17.2) 

Co  =  (cos  0  cos  0)ei  +  (cos  <})  sin  0)e2  -  (sin  ()))e3 

we  obtain 


P  =  (r  sin  <()  cos  0)ei  +  (r  sin  ((>  sin  0)e2  +  (r  cos  <J))e3  (17.3) 

Let  us  now  introduce  a  set  of  coordinates  0*  (i  =  1,2,3)  such  that 

0’=<t)  ,  02  =  0  ,  03  =  r  (17.4) 

Hence,  in  terms  of  0‘  coordinates  we  have 

P  =  (03  sin  0'  cos  02)ei  +  (03  sin  0'  sin  02)e2  +  (0^  cos  0')e3  (17.5) 


This  representation  will  facilitate  much  of  the  intermediate  steps  especially  in  connection  to  cal- 
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culation  of  the  various  quantities  of  the  surface. 

In  view  of  the  foregoing  explanation,  we  now  adopt  the  following  kinematical  assumptions 
for  an  initially  spherical  composite  laminate 

R(r,e,0)  =  re^ 

D  =  A3  =  er  (17.6) 

P*(r,0,<D.C)  =  (r  +  C)er 
Making  use  of  (17.4),  we  can  rewrite  this 

R(0“,03)  =  (0^  sin  0'  cos  02)e]  +  (0^  sin  0’  sin  02)e2  +  (0^  cos  0’)e3 

D  =  A3  =  (sin  0'  cos  02)ei  +  (sin  0'  sin  0^)62  +  cos  0^  63  (17.7) 

P*(0“,0^,O  =  [(03+Osin  0^  cos  02]ei  +  [(0^-fQsin  0^  sin  02]e2  +  [(0^-i-C)cos  0^)63 
The  base  vectors  of  the  surface  are  obtained  from  (17.7)i  as  follows 

A 

“  9e« 

Hence  we  have 

Ai  =  R01  =  (0^  cos  0^  cos  02)6]  (0^  cost  0'  sin  0^)62  -  (0^  sin  0^)63  =  (17.8) 

and 

A2  =  R,e2  =  (-0^  sin  0*  sin  02)ei  +  (0^  sin  0^  cos  0^)62  =  (0^  sin  0')e0  (17.9) 

From  (17.8)  and  (17.9)  we  obtain  the  components  of  the  surface  metric  tensor  Aap 

AqP  =  Ajx  •  Ap 

Therefore 
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Aii  =  Ai  •  Ai  =  [(03  cos  0^  cos  02)]2  +  [(03  cos  0^  sin  02)]2  +  [03  sine  0*]2 : 
Ai2  =  A21  =  A]  •  A2  =  (6^60)  •  (6^  sin  0')e0  =  0 
A22  =  A2  •  A2  =  (0^  sin  0*)2ee  •  ee  =  (0^  sin  0^)2 


or 


(Aap)  = 


•  ^ 
(02)2  0 

r2  0 

0  (03  sin  01)2 

0  (r  sin  0i)2 

Moreover,  we  have 


A“PApY=5“y  =>  A“P  =  (Aapr’ 


Hence, 


Aap  = 


(03)2  0 

0  (03  sin  01)2 


-1 


1 


W  0 

0  1 

(03  sin  01)2 


The  conjugate  base  vectors  of  the  surface  are  given  by 

A“  =  A«PAp 


Thus, 


Ai  -  AiiAi  +  A12A2  -  •^03^  “ 

A2  =  A21Ai  +  A22A2  =  ~T7n — -""ftK?  ~  ~Tri — r — ;rr—  Cft 

*  ^  (03  Sin  01)2  (03  sin  0i)  ® 


The  unit  normal  to  the  surface  follows  from  (17.13) 


(03)2 

(H.lO.a) 

(17.10.b) 

(17.11) 

(17.12) 


(17.13) 
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~  I  X  A2I  ~  X  A2  I  "'’  ~  ®')®3)  X 

{-(0^  sin  6^  sin  02)ei  +  (0^  sin  0^  cos  0^)62) 
or 

A3  =  X  A2I  0^)‘(0^  sin  0'  cos  0^)(ei  x  62)  -  (0^  cos  0*  sin  02)(0^  sin  0*  sin  0^)(e2xei) 

-I-  (0^  sin  0i)(03  sin  0'  sin  02)(e3xei)  -  (0^  sin  0’)(03  sin  0*  cos  0^)(e3xe2)} 

=  X  A2I  ^ +  (cos  0’)e3) 

=  (sin  0^  cos  0^)ei  +  (sin  0^  sin  0^)62  +  (cos  0^)63  =  (17.14) 

We  note  that  A3  could  have  been  obtained  from  vector  product  of  ee  and  e^,.  However,  to  illus¬ 
trate  the  general  procedure  we  did  not  make  use  of  ee  and  e^,.  The  Christoffel  symbols  of  the 
first  and  second  kind  follow  from  (17.10).  The  non-vanishing  components  of  the  Christoffel 
symbols  are 

[12,2]  =  [21,2]  =  (03)2sin0‘cos0J  ,  [22,1]  =  -(03)2sin  0’ cos  0i 

(17.15) 

22I  =  sin  0>  cos  0’ 
and  coefficients  of  the  second  fundamental  form  of  the  surface  are  given  by 

B<xp  =  A(x_p  •  A3  =  —  Aq  •  A3_a 

hence, 


12 


f  =  cotan  0^  , 
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Bii  =  Ai.i  •  A3  =  [(03  cos  6'  cos  02)61  +  (6^  cos  0*  sin  02)62  ~  (9^  sin  0^)63],!  • 
[(sin  0'  cos  02)6]  +  (sin  0*  sin  02)62  +  (cos  0^)63] 

=  [-(03  sin  0i  cos  02)6i  -  (03  sin  0*  sin  02)62  ”  (6^  cos  0^)63]  • 

[(sin  0i  cos  02)6i  -1-  (sin  0'  sin  02)62  +  (cos  0^)63  =  -03 

Bi2  =  A2,i  •  A3  =  [-(03  sin  01  sin  02)6]  (03  sin  0i  cos  02)62],i  • 

[(sin  01  cos  02)6i  -f-  (sin  0i  sin  02)62  +  (cos  0i)e3]  =  0 
B21  =  Ai,2  *  A3  =  [(03  cos  01  cos  02)6]  +  (03  COS  0l  sin  02)62  ~  (®^  sin  0l)e3],2  • 
[(sin  0i  cos  02)6i  +  (sin  0i  sin  02)62  +  (cos  0i)e3]  =  0 
B22  =  A2.2  •  A3  =  [-(03  sin  0i  sin  02)6i  +  (03  sin  0i  cos  0^)e2],2  * 

[(sin  0i  cos  02)6i  -I-  (sin  0i  sin  02)62  +  (cos  0i)e3]  =  -03(sin  0i)2 

Therefore 

,  [-03  0 

(Bap)=  0  -03(sin0i)2  - 

»  ¥ 

We  also  have 

Hence, 
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Bh  =  A^Bii  +  A12B21  =  -  03  (-^)2  =  -  ^ 

Bl2  =  A"B2l+Al2B22  =  0 
B2i=A21Bii  +  A22B21=0 

=  A2.B..+  A22b^  =  -  (65  si„5  61)  ^ 


(B“p)  = 


* 

-1/03 

0 

-1/r 

0 

0 

-1/03 

0 

-1/r 

(17.17) 


Next,  we  obtain  the  various  kinematical  quantities  associated  with  micro  and  macro  continua  for 
the  case  of  initially  spherical  composite  laminates.  From  (14.6)  and  (17.7)  it  follows  that 


Gi  =  JP"  =  (0^  cos  0'  cos  02)ei  +  (0^  cos  0'  sin  02)e2  -  (0^  sin  0^)e3  =  re^ 


G2  =  =  (-  0^  sin  0i  sin  02)ei  +  (0^  sin  0^  cos  0^)62  =  (r  sin  0)ee 


(17.18) 


=  iB_ -.cj 
d 

From  (17.18)  we  obtain 


G3  =  -^5-  =  (sin  0^  cos  02)ei  +  (sin  0^  sin  02)e2  +  (cos  0^)63  = 


G]  1  =  Gi  ■  G]  =  [(0^  cos  0^  cos  02)62  +  (B^  cos  0’  sin  02)62  +  (6^  sin  0^)63]  • 

[(0^  cos  0'  cos  02)6i  +  (0^  cos  0*  sin  02)62  “  sin  0^)63]  =  (0^)2 
Gi2  =  G21  =  Gi  •  G2  =  ((0^  cos  0*  cos  02)6]  +  (0^  cos  0^  sin  02)62  ~  (0^  sin  0^)63]  • 

[(-0^  sin  0^  sin  02)6]  +  (0^  sin  0'  cos  0^)62)  =  0 
Gi3  =  G31  =  Gi  •  G3  =  [(0^  cos  0'  cos  02)6i  +  (0^  cos  0*  sin  02)62  ~  (0^  sin  0*)e3]  • 


[(sin  0*  cos  02)6i  +  (sin  0'  sin  02)62  +  (cos  0^)63]  =  0 


G22  =  G2  •  G2  =  [(-6^  sin  0^  sin  Q^)ei  +  (0^  sin  0^  cos  0^)62]  • 


[(-0^  sin  0^  sin  02)ei  +  (0^  sin  0^  cos  0^)62]  =  (0^  sin  0^)^ 
G23  =  G32  =  G2  •  G3  =  [(-03  sin  0*  sin  02)ei  +  (03  sin  0*  cos  0^)62]  • 

[(sin  0^  cos  02)ei  +  (sin  0’  sin  02)e2  +  (cos  0^)63]  =  0 
G33  =  G3  •  G3  =  [(sin  01  cos  02)ei  +  (sin  0*  sin  0^)62  +  (cos  01)63] ' 

[(sin  0i  cos  02)ei  +  (sin  0i  sin  0^)62  +  (cos  0i)e3]  =  1 


Hence 


(63)2 

0 

0 

r2 

0 

0 

0 

(03  sin  01)2 

0 

= 

0 

(r  sin  0)2 

0 

0 

0 

1 

< 

0 

0 

1 

We  also  have 

G1/2  =  (GixG2)-G3 

=  {[(03  COS  0l  COS  0^)61  +  (03  COS  0i  sin  02)62  ~  (6^  sin  01)63]  x 
[(-03  sin  01  sin  02)6]  +  (03  sin  0i  cos  02)62])  ' 

[(sin  01  cos  02)6i  +  (sin  0i  sin  02)62  +  (cos  01)63] 

=  (0^)^[(sin  0i  cos  01)63  +  ((sin  0i)2  sin  02)62  +  ((sin  0i)2  cos  02)6]]  • 
[(sin  01  cos  02)6]  +  (sin  0i  sin  02)62  +  (cos  01)63] 

=  (03)2  sin  01  =  r2  sin  <(» 


(17.19) 


(17.20) 


Moreover,  from  (14.9)  and  (17.7)  we  have 
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Gf  =  =  (0HQ[(cos  0'  cos  02>;  i  +  (cos  0'  sin  Q^)e2  -  (sin  0^)63]  =  (r-+^)e<, 

G2*  =  =  (03+C)(sin  0i)[-(sin  02)e,  -h  (cos  02)62]=  ((r+C)sin  0)66  (17.21) 

G3  =  =  (sin  01  cos  02)61  +  (sin  0i  sin  02)e2  +  (cos  0^)63  =  6^ 

Also,  from  (14.10),  (14.1 1)  and  (17.17)  we  obtain 

VY„  =  nYo  =  S^a  -  =  S^a  "  CB^^a 

v‘l  =  l-C(--^)=l  +  -^  =  -jf 

V^2  =  v2|  =  0 

or 

(vT^a)  =  (ll^a)=  0  (r+g  (17.22) 

r 

and 

V  =  D  det(vY„)  =  det(vYa)  =  \i  =  (i^)2  (17.23) 

Making  use  of  (17.21)  we  obtain 

Gi*i  =  Gr  •  Gf  =  [(r+Qeol  •  [(r+OcoJ  =  (r+02 
Gi*2  =  G2*i  =  Gf  •  G2*  =  l(r-t<)e6]  •  l((r+C)sin  0)ee]  =  0 
Gi3  =  G3*  =  Gf  •  G3*  =  [(r+geol  •  [6^]  =  0 
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Gi  =  G2  •  G2  =  [((r+C)sin  ^l^ee]  •  (((r+Osin  0)ee]  =  ((r+Qsin  <1))2 
G23  =  G^2  =  G2  ‘  G3  =  (((pf Qsin  <{))ee]  •  [e^]  =  0 
G33  =  G3*  •  G3  =  (Cj)  •  (Cr)  =  1 

Hence, 


(eHC)2 

0 

•N 

0 

(r+C)" 

0 

0 

0 

((03+C)sin  0^)2 

0  = 

0 

((r-i-Osin  0)2 

0 

0 

0 

1 

0 

0 

1 

It  then  follows  that 


G*i/2  =  {det(Gij)ll/2  =  (e3-i-;)2  sin  e>  =  (r+C)2  sin  0  (17.25) 

By  (17.20)  and  (17.25)  we  have 

(.gl)i/2  =  (I^)2  =  v  =  M  (17.26) 

which  confirms  (17.23).  In  view  of  (17.7)  and  (17.26)  formulae  (14.14)  and  (14.15)  reduce  to 

fxi  =  tai  =  -jL  +  l)2t*aYvi^C  =  -^)V“’di;  (17.27.a) 

ta2  =  <t«2  =  .jL  +  l)2x*aYv2.^;  =  ^  (1  -h  -^)V“2d;  (17.27.5) 

t«3=<co3=  1  [*‘*(l  +  l)Vo3dC  =  v“  (17.27.C) 

7'  to  be  specified  by  a  constitutive  relation  directly  (17.27.d) 

s«i  =  £'  (1  +  -^)2T*“yvi^dC  =  -j^  fj  (1  +  |')V“iCdC  (17.27.e) 

S«2  =  sa2  =  ^  ( 1  +  l)2x*aYv2T^dC  =  ^  +  |-)3t*“2;d;  ( 17.27.f) 
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=  s“3  =  -jL  (1  +  l)V“3CdC  (17.27  .g) 

s3i  =  0  or  S3  =  0  (17.27.h) 

kl=  1  f^l  +  l)3T*31d;  ,  k2  =  -jLf\l  +  l)3x*32d;  (17.27.i) 

k3  =  ^  it  |-)V33d;  (17.27.j) 

v3  =  1  J*''  (1  +  f  )2[x*33  _  (1  +  l]d;  (17.27.k) 

112  ^01  1  r 

It  is  interesting  to  observe  that  when  the  radius  of  the  spherical  laminate  becomes  large  (i.e., 
when  the  cylindrical  surface  approaches  a  flat  surface)  the  value  of  becomes  small  and  may 

be  neglected  in  comparison  to  unity  (ideally  approaches  zero)  and  the  various  expression 
obtained  in  this  section  will  reduce  to  those  obtained  for  an  initially  flat  composte  laminate. 

The  relative  kinematical  measures  y,  and  are  now  given  by 

yj= -^(Ujij  +  Ujii)  (17.28) 

Yi  =  Si  +  u3ii  (17.29) 

i^j  =  5i,j  (17.30) 

where  a  vertical  bar  ( I )  denotes  covariant  differentiation  with  respect  to  coordinates 
0*  (i  =  1,2,3)  as  specified  by  (17.4).  Moreover,  equations  of  motion  are  given  by 

t/i  i  +  Pobj  =  po(aj  +  y  1  pj)  (17.31) 

s/ii  +  (poCj  -  kj)  =  po(y^aj  +  y2pj)  (17.32) 

where  all  components  in  the  above  are  referred  to  coordinates  0*  (i  =  1,2,3). 
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For  convenience  and  systematic  reduction  of  various  results  of  this  section  we  adopted  the 
coordinate  system  (17.4).  However,  most  of  the  available  results  in  continuum  mechanics 
regarding  spherical  bodies  are  in  terms  of  the  spherical  coordinates  r,0,0.  In  order  to  write  the 
relevant  results  of  this  section  in  terms  of  r,0,({)  we  consider  the  representation  (17.6)  and  adopt  a 
system  of  cylindrical  coordinates  r,0,<t>  such  that 

0*=<1)  ,  02  =  0  ,  03  =  r  (17.33) 

From  (17.6)i  and  (17.33)  it  follows 


Gi=re6  ,  G2  =  (r  sin  (j))ee  ,  G3  =  er 


(17.34) 


• 

r2 

0 

0 

l/r2 

0 

0 

0 

(r  sin  <1))2 

0 

,  (Gy)  = 

0 

l/(r  sin  <1))2 

0 

0 

h 

0 

1 

0 

0 

1 

and 

(Gij)  = 

[0  0 

Q\I2  ~  j2  jjj,  0 

Moreover,  from  (17.6)3  we  obtain 

Gf  =  (r-f-Qcd,  ,  G2  =  ((r+C)sin  (l))ee  ,  G3  =  er 
and 

(GJ)- 

[  0  0 

G**/2  =  (r+Q^jjn  0 

From  (14.13),  (17.36)  and  (17.39)  it  follows 


(17.35) 

(17.36) 


(17.37) 


(r+C)2 

0 

0 

l/(r+C)2 

0 

0 

0 

((rH-Osin  <t))2 

0 

,  (G‘'j)  = 

0 

l/((r-4-0sin  <t))2 

0 

0 

0 

1 

* 

0 

0 

1 

(17.38) 


(17.39) 


V  =  p  =  (^)i/2  =  (1:^)2  =  (1  +  1)2 


(17.40) 
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m  as  before.  In  order  to  calculate  expresisons  involving  covariant  differentiation  we  need  to  calcu- 

^  late  the  Christoffel  symbols  of  the  first  and  second  kind.  Christoffel  symbols  of  the  first  kind  are 

P  given  by 

n 

[ijk]  =  y  (gjk,i  +  gki,j  -  gij.k) 

(17.41) 

P  The  only  non-vanishing  Christoffel  symbols  of  the  first  kind  are 

1 

*  [ll,2]  =  -r  ,  [22,1]  =-r2  sin  <t>  cos  (|>  ,  [22,3]  = -r  sin^  <}) 

(17.42) 

■  [12,2]  =  [21,2]  =  r2  sin  <()  cos  ({)  ,  [13,1]  =  [31,1]  =  r  ,  [23,2]  =  [32,2]  = 

r  sin^  (j) 

H  Christoffel  symbols  of  the  second  kind  are  given  by 

{jkj}  _gkm[ijin] 

(17.43) 

jfi  From  (17.42)  and  (17.43)  the  only  non-vanishing  Christoffel  symbols  of  the  second  kind  are 

^  {i^i}=-r  1  (2^2}=-sin<|>cos(j)  ,  (2^2)  =-rsin2<)> 

(17.44) 

||r  (i  ^2)  =  (2^1)  =cotan(|)  ,  (1  ^  3}  =  {3  ^  1)  =  y  >  {2^3)  =  {3^2) 

r 

^  The  physical  components  of  the  displacement  vector  u  and  the  director  displacement  5  are  given 

■  by 

f  Ul  =  (gll)"^^Ui  =  (gll)^^U^=U0 

U2  =  (g22)"‘^U2  =  (g22)^^u^  =  U0 

(17.45) 

p  U3  =  (g33)~*^U3  =  (g33)’^U^  =  Ur 

1 

1 

t 
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Si  =  (gii)~*^Si  =  (gii)^^5*  =  5((, 

^2  =  -  (822)^^52  _  gg 

^  =  (g33)“^^S3  =  (g33)*^5^  =  5r 
The  physical  components  of  yij  are 


1  ^“0  .  1 


Yee^ 


1  3U0  Ur  1  , 

=  71^ -sr-^T-^T 


dUr 

Y-=-ar 


_  1  /  1  _L  1  cotan  (1)  ..  ^ 

l>»  =  T<TlmT-3S-^T-35- - r^“»* 

v„=  1  A  +  l^-lm) 

T'T  TW  r 


„  _  1  .  .  1  5ur  1  „  , 

HmF  "  T  ‘'6^ 

and  the  physical  components  of  Yi  are 

„  _s  ,  1  5ur  U6 


„  _s  .  1  ue 

w"“r 


-  9Ur 
Yr-5r+-^ 


Also,  the  physical  components  of  are  given  by 


(17.46) 


(17.47) 


(17.48) 
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%f  =  SSrOvrdr 


=  7i^  "  'F  ‘^o^an  <t>  u^ 

1  dSfl  1  .  1  panualuj, 

^  "  T  “S^"  ~  ■?  3S 


1  due  1 


(17.49) 


3^r  = 


_  984, 

~3r 


-  _  1  38, 


1  du4, 

T"5r 


i?i9r  = 


a8e 

■ar 


_  I  38,  1  R  ^  I  t^ue 

^  -  TiuT^  w  ~  T  ^6  T  "ar 


due 


Next,  we  note  that  the  physical  components  of  the  stress  tensor  and  stress  couple  tensor  may  be 
written  as 
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XW)  =  r2t"  =  -^Xii 


Xee  =  (rsin4,)2t“  =  ^j;^Tjj 


X,r  =  x3^  =  X33 


X^r  =  rTl3=lti3  ,  Xr0  =  rT31  =  -l-X3i 

X0r  =  (r  Sin  0)x23  = -^  X23  ,  Xre  =  (rsin0)x32=_^X32 

=  rV*  sn 


se8  =  (rsin<|,)Js«  =  .^;^S22 
S„  =  =  S33 


s«  =  <r2sin4,)s»  =  -^^s,2  ,  se,  =  (r^  sin  = -^-r^  S2, 

Sj,  =  rs>5  =  i  S|3  .  s,,  =  rs^'  =  -!-  S31 

s«>  =  (rs‘"'l’)s”=  7^*23  .  Srt  =  (rsini|i)s32=-p^S32 

Moreover,  the  physical  components  of  b,  c  and  k  are  given  by 

b6  =  rb>  =  -pbi  ,  be  =  (r  sin  (|))b2  =  b2  ,  br  =  b3  =  b3 

C6  =  rci  =  -pci  ,  ce  =  (r  sin  <t))b2  = b2  ,  Cj  =  c^  =  C3 

k^  =  rk'  =  -|-ki  ,  ke  =  (r  sin  (I))k2  = k2  ,  kr  =  k3  =  k3 


(17.50) 


(17.51) 


(17.52) 

(17.53) 

(17.54) 
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Also,  from  (17.45)  and  (17.46)  we  have 

U(t)  =  ra^  =  yOti  ,  lie  =  (r  sin  4>)ai  = 02  .  Ur  =  0^  =  03  (17.55) 

and 


8,  =  r|3i  =  i-p,  ,  5e  =  (rsin(|i)p2=y^|32  ,  ^  =  p3  =  p3  (17,56) 

where  a  superposed  dot  denotes  panial  differentiation  with  respect  to  time.  With  the  help  of 
(17.50)  to  (17.56)  we  are  able  to  reduce  the  equations  of  motion  (17.31)  and  (17.32)  to 

“ST'*’  r“sinT“30“'^T  “  y  (^  +  M  +  Pobr - Po(ur  +  y^S,) 

r  sin  <|)  ^ "r"  ~  2(cotan  (|))Xe(j,]  +  Pobe  =  Po(ue  -i-  y^^)  (17.57) 

TsInT  7*  ^  ^ 

and 

rsin>  cotan<{)  s^- 1  (sge-i- s^;,)  +  (ppC, -k,)  =  po(y^Ur  +  y^^) 

r  sin  <j)  4"  [3ser-2(cotan  <t>)seo]  +  (poCe-ke)  =  Po(y^ue+y^^)  (17.58) 

r  sin  6  ■'"r"^  'r'  +  (s<x5  -  see)]  +  (PoCz  -  M  =  Po(y^Uz  -t-  y'^'bj) 

where  in  obtaining  (17.57)  and  (17.58)  we  have  also  made  use  of  the  expression  for  covariant 
differentiation  of  a  second  order  tensor. 
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18.  Constitutive  coefficients  for  an  initially  flat  composite  laminate  in  bending 

Using  the  procedure  of  Section  (13),  in  this  section  we  obtain  explicit  forms  for  constitutive 
equations  for  linear  theory  of  composite  laminates  with  initially  flat  thin  plies  of  uniform  thick¬ 
ness.  Here  we  confine  our  attention  to  composite  laminate  composed  of  alternating  layers  of 
only  two  elastic  materials,  each  of  which  is  assumed  to  be  homogeneous  and  isotropic.  It  should 
be  mentined  that  any  derivation  of  constitutive  equations  from  three-dimensional  theory  involves 
some  approximations  and  special  assumptions. 

Prior  to  the  calculation  of  an  explicit  form  for  the  constitutive  equation  we  need  to  dispose 
of  certain  preliminaries.  To  this  end  we  consider  a  composite  laminate  and  assume  that  the  posi¬ 
tion  vector  P*,  of  the  micro-body  in  a  reference  configuration  is  given  by 

P*  =  R(ti“,03)  4-  ^D(Ti“,e3)  (18.1) 

We  recall  that  in  general  D  is  a  three-dimensional  vector  having  components  D' in  the 
direction  of  G  1,62,03.  However,  in  the  reference  configuration  without  loss  of  generality  we 
may  specify  D  by 


D  =  DA3  ,  Da  =  0  ,  D3  =  D(Ti“,e3)  (18.2) 

where  A3  =  A3(q“)  is  the  unit  normal  to  the  Cosserat  surface,  i.e.,  shell-like  micro-structure  at 
composite  particle  P.  Here  we  make  funher  assumption  that  the  position  vector  R  and  the  direc¬ 
tor  D,  in  the  reference  configuration  are  given  by 

R(e«,e3)  =  R(e“)  -i-  A3  ( 1 8.3) 

D  =  A3  ,  Da  =  0  ,  D3  =  D=1  (18.4) 

In  view  of  (18.4)3  we  have 


^  =  C 


(18.5) 


BAS 


in  the  reference  configuration.  Hence  (18.1)  may  be  written  as 


P*  =  R(Ti“e3)  +  CA3(Ti“e3) 
The  base  vectors  G*  are  obtained  from  (18.6)  and  are  given  by 


Gq  —  R  Q  +  C^3,a  ~  Aq  +  C^3,a 


G3*  =  A3 


Since  A3,a  =  -BTf^Ay  we  may  write  (18.7)  as  follows: 


Ga  =  Aa  +  C(-BTfa) Ay  =  -  I^B^Ay  =  ll^^aAy 


G3*  =  A3 


where 


P^a  =  8Ta-CBTa 


In  the  case  of  a  flat  plate  =  0  and  (18.8)  reduce  to 


Gq  =  Aq  ,  G3  =  A3 

we  also  obtain  in  this  case 

Gap  =  Ga  •  Ga  =  Aa  •  Ap  =  A^p 
0^3  =  Ga  ■  A3  =  Aq  •  A3  =  0 


G33  =  G3  •  G^  =  A3  •  A3  =  1 


Recall  the  Gibbs  function  <])*  for  an 


initially  homogeneous  and  isotropic  elastic  material. 


P.V = (-  ^  Gi.G; + ^ 


'mn 


2E* 


(18.6) 

(18.7) 

(18.8) 

(18.9) 

(18.10) 

(18.11) 

i.e., 

(18.12) 

A  S  E 


-  110- 


We  now  expand  each  term  on  the  right-hand  side  of  (18.12).  Considering  the  second  term,  we 
may  write 

=  GapG,;nt*“Pt*MN  +  G^3G,;„T*“3t’™> 

+  G3*pG^X*3Pt*»™  -h  G^3G;„T*33t*nm 
=  G^pG,;;„T*“Px*"“  -I-  G  *pG3*„t*33x*n« 

=  GapG;,t*“PT>  -H  G  •pG3*„X*“Px*3n 

+  G3*3G;.X*33x*7n  +  G3*3Gi,X*33x*3n 
=  GapG;6X*“Px*TfS  -I-  GapG.;3X*“Px*Y3 
+  GipG3*8T*“Pf  38  +  G  •pG33X*“Px*33 
+  G3*3G;5X*33xT5  +  G3*3G^X*33x*Y3 

+  G3*3G3V33^*35  +  G3*3G3*3X*33x*33 

or 

GijGLx*ijx*'n"  =  G  *6G^X*«Px*t5  +  Ga’pG3*3X*“Px*33 

+  G3*3G^X*33x*Tr5  +  (G3*3)2(x*33)2 
or 

GijG;„,X*yx*«™’  =  G^G^X*“Px*T«  +  2GipX*“Px*33  -h  (x*33)2  (Ig  13) 

where  in  obtaining  (18.13)  we  have  made  use  of  (18.11)2,3.  Substituting  (18.1 1),  into  (18.13)  we 
may  rewrite  (18.13)  as  follows: 
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=  AapA^X*“Px*l8  +  2AapT*“PT*33  +  (x*33)2  (18.14) 

Considering  the  first  term  on  the  right-hand  side  of  (18.12),  we  may  write: 


G^nG/nX’^jx*'™'  =  GinGj;,T*“iT**™'  Gs’mG/nt’jT**™' 

=  G  •vGj;x*“jx>  +  G^G^x*“jx*3n 

G|/3;,X*3jTm  +  G3*3G j;;x*3jT*3n 
=  G^;„X*«ix*T"  +  G3*3G^X*3jt*3n 
=  GaVGpnX*“Px*Tf"  4-  Ga7G3*„X*“3x*Tf>' 

+  G3*3Gp*„X*3Px*3n  +  G^3G3-nX’^  ^3" 

=  G^^p8X*“Px*TfS  -h  Ga3Gp3X*“Px*1^ 

+  G;yG3*5X*“^t*T®  -I-  G  *^3*3X*“3x*T^ 

+  G3*3GpV^Pt*35  +  G3*3Gp*3X*3Px*33 
+  G3*3G3*5X*”x*3S  +  G3*3G3’3X*33x*33 


Gi;„Gj;x*yx*'™'  =  G  *yGp5X*“Px*^  -h  G  •^3*3X*«3x*t3 

+  G3*3Gp5X*3Px*35  +  (G33)2(X*33)2 

or 

G^Gj’nX'ijx*'""  =  G^p*5X*“PfT6  -h  2G^X*“3x1^  (X*33)2  (18.15) 

where  in  obtaining  (18.15)  we  have  made  use  of  (18.1 1)2,3  and  the  symmetry  of  stress  tensor  x*y. 
Substituting  (18.1  l)i  into  (18.15),  we  may  rewrite  (18.15)  as  follows: 
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=  AotyAp5X*“Px*^  +  2AapX*“3x*P3  +  (X*33)2  (18.16) 

Substituting  (18.14)  and  (18.16)  into  (18.12),  we  obtain 

P„V  =  -  ( A„,Ap5T‘“Pt1«  +  2A„Dt'«3t‘SI5  +  (t‘33)2) 

+  ^  {A<.pA,6T‘«ft“l*  +  2A„5t'“»T‘3S  +  (t’53)2) 
or 

PoT  =  ^  {v’AopA^  -  (l+V*)AaYA35)x*“Px*1« 

+  ^  Aap{vV“Px*33  -  (1+V*)X*“3t*P3}  -  ^  (x*33)2  (Ig.H) 

At  this  point  we  introduce  five  coefficients  qj,  q2,  q3,  q4  and  qs  and  rewrite  (18.17)  as  fol¬ 
lows 


Po4>*  =  2!^  {qiV*AapA^  -  q2(l+v*)Aay\p5)T*“Px*l« 

+  ^  Aap{q3V*X*«Px*33  -  q4(l+v*)T*“3x*P3)  _  ^  q5(x*33)2  (igjg) 

Coefficients  qi  to  qs  are  assumed  to  be  constants  and  may  be  used  as  tracers  for  each  term  or 
calibrating  factors  if  such  need  arises.  Otherwise  these  coefficients  can  be  put  equal  to  unity. 
We  call  these  "calibration  coefficients." 

Introducing  (18.18)  into  (13.4)  and  recalling  that  for  an  initially  flat  plate  we  have  pT^a  = 


we  obtain 
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PoChl+hzMi  =  /"*'”  (-jir  (qiv'A„pAyi  -q2(l+v')A„/Dj)t‘“PTl« 

+  ^  A„j[q3vY«V33  -  q4(l+Vn-"OT-P3l  -  ^  q5(T‘33)2|dC 
=  qi  A„3A,6t”“Pt1|Sd;  -mf'/  ^  2'e*  ^  Ae,,Ap5t'“%1®d; 

+  qs  f A«|!T'«Pt'33dC  -  q4  A„pt‘«3t‘S3dC 

(1819) 

Since  Aap  are  independent  from  we  may  further  reduce  (18.19)  and  write 

P„(h|+h2)ltl  =  qiA<.pAyi(fj  ^  t‘»Pt*iedC  +  t-“^YdO 

-  q^AojApj  ( fj  t-»8Tl‘dC  +  t'“»tYdO 

+  93 A<«(  f;  T-««.‘33dC  +  tT  f 

-  q4 A<«(  T'<>3T*l>3dC  +  x‘“3t‘l>3dC) 

-“•sf  t  lET  W 

In  order  to  calculate  an  expression  for  0  in  the  form  (18.20),  we  need  to  introduce  suitable 
assumptions  for  the  stresses  T*y  in  terms  of  composite  stress  x'j,  composite  couple  stress  s'J  and 
composite  intrinsic  force  k'  defined  previously.  Also,  in  the  calculation  of  0,  we  shall  assume 
that  the  effect  of  the  interlaminar  stresses  in  the  constitutive  relations  is  negligible. 
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Since  the  two-dimensional  equations  governing  the  behavior  of  the  micro- structure  separate 
into  those  for  bending  and  extensional  cases,  it  is  more  convenient  to  carry  out  the  calculation 
for  <|>  in  two  parts.  Thus,  employing  again  the  same  symbol  for  a  function  and  its  value,  we  write 

0  =  <)>b  +  <l>e  (18.21) 

where  <j>b  and  <|)e  are  associated  with  the  bending  and  extension  cases,  respectively.  We  therefore 
proceed  to  calculate  the  expressions  for  po<t>b  and  po<|»e- 

Considering  the  case  of  bending,  we  introduce  the  following  expressions  for  stresses 


t*ap  =  (  .6s«P  C-hi  ,  ^  12s°P  , 

(hi+h2)/2  (h]+h2)^ 


(18.22a) 


,-.3 = = (^Ki  -  = I  ^(1  -  < 


2(C-h,) 


)2) 


t33  =  o 


(18.22b) 

(18.22c) 


Introducing  (18.22)a,b,c  into  (18.20)  we  proceed  to  obtain  each  term  on  the  right-hand  side  of 
(18.20)  as  follows: 


h?) 


(18.23) 
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Moreover, 


Adding  both  sides  of  (18.23)  and  (18.24)  we  obtain 


(18.24) 


I*’’'"*'*  ^  T*“PtT«dC  =  ^  t*“Pt*76dC  +  t*“PT*>«dC 

^  o  E  '  o  El  *  hi  Ej 


=  h?  +  h^)s“Ps>« 

(hi-hh2)^  El  E2 

=  ^(|Vn?  +  ^n^)s“PsT« 

where  we  have  introduced  a  nondimensional  parameter  n  such  that 


(18.25) 


h  -  h]  +  h2  ,  Uq  — jp.  ({x  =  1^2)  ,  n  - 


In  a  similar  manner  we  may  write 


(18.26) 


>.+h2  =  t  x'“Px*T6d;  +  T*“Px*Tf«dC 

-'oE  •'oEi  ■’hiE? 
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Next  consider 
/“  T*“3t*P3d; 

Jo  El 


Moreover 


48 

(hi+h2)^ 


1+vr 


h?  + 


I+V2 

'W 


h^)s“PsT® 


_  48 

-TT 


l+vf 

^  El* 


n?  + 


I+V2* 

'W~ 


n^)s“Ps'>® 


(18.27) 


9 

T 


4  ,«3X»  fj  ( 1  -  2(^)2+ 

9  l+Vl* 

•7~Er 


_  9  l+Vi*  ,,  8  (C-hi)3  .  16  (C-hi)5 

-  T  “eT  ^  ^ TKTIi^r  +  ‘  „ 


T  (hi-i-h2)2  T  (hi+h2)'‘  o 


9  l+v*  ,u  8  h?  .  16  hf  , 


9  Wh.x«3x»3n-|(T^)^-^(T^n 


(18.28) 
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(^WC 


= I  ^  C '  ‘  - 

_  9  1+V2*  ,  R,  8  (C-hi)3  16  (C-hi)5  h,+h2 

“T-ir  ^  3“  Th^Th^ 


_  9  I+V2 


8  h^  .16  h^ 


_  V  .^-^,83  f/u  .u  \  8  “J  .10  »2  u  1 

-  T  IT  ■  T  0^  ^  -T  0^  - 

_  9  I+V2  ,.  8  h^  ,16  , 

■T-eT  '  '  T 

.9 


From  (18.28)  and  (18.29)  it  follows 


(18.29) 
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jh,+h.  ^  ^*a3^*P3d^  =  x*“3T‘P3(iC  +  T*“3T*P3d^ 

J  o  E  •'o  El  hi  E2 


=  T  ^  -  T  -r  <TipHr)‘l 

+  T  ^ I '  -  T  <T^>^  ^  f 


_  9  ^3,B3  f/  1+''*  u  .  ^■•■''2  UN  8  /-  l+vf  h?  I+V2  h^ 

-  T  {(hET  hi  + h2)  - -3- (^  -h  ^ 


.  16  .  l+v*  hf  I+V2  h| 

3"^^^  (hi+h2)^  E2*  TM^ 


_  9  u  (/  ^■*■''1*  ,  ^■‘■''2  ^N  8  ,  l+v*  1  ,  l-hV2  n3 

-T''i*<-Er  “eT  ’■■3''Tr  O^SF  TTTW’ 


+  J6  1  .  +  ilii  nS 

Ef  O+iiF  e;  TI+nF^ 


9  u  If  ^+''1*  ^  ,  ^+^2  ,  8  /  l+V*  ,  l-t-V2 

7  h  e;  *^1  "g*  "2)  -  y  (  nf  -I-  nf) 


El 


E2 


Ef 


E2 


(18.30) 


or 


/'';■'■  ^  .•«3.-»dc = ^  K„,  -  4  ^  ^  „f) 


+  („j- |„J+-^„J)-l^)T03lli3 


16  .5.  l+''2 


E2 


(18.31) 


In  view  of  (18.22c),  all  integrals  in  (18.20)  involving  t*33  vanish  identically.  Substituting 
(18.25),  (18.26)  and  (18.31)  into  (18.20)  we  obtain 
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Po(hi+h2)0  =  qiAapAysl  ^  n^)s“PsYS} 

,  -  qzAoryApsf  (-|p-  n^)s“PsT«} 

-  Q4  Aap{  ^  [(n,  -  I  n?  -h  ^  n?)  |  ^  n^)  il^])T«^TP3 

or 

po(hi+h2)<t)  =  9i^(^n?+^  v^)Aa3AY6s“PsT'* 

“  T  ^“Ip"  “1^  n^)Aay»i.p5S“PsT^ 

n  9h  r/„  8  „3  ,  16  „sx  l+v* 

-  q4  [(ni  -  y  nf  +  nf)  g, 

+  (n2  -  I  +  -^  n^)  i|^]AapT^xP3  (18.33) 

Expression  (18.32)  is  the  Gibbs  free  energy  for  a  composite  laminate  consisting  of  two  elastic 
materials  only. 

For  simplicity  we  introduce 
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24  /  l+Vi*  .  I+V2 
C2-q2p-(-£^  "r  +  -^n^) 


€3  =  0 


(18.34) 


C  =  <,4  ((i^  .  J|i  „,,  - 1  (i^  „f  .  i|l  ^  (i|^  nf  .  „J,1 


C5=0 


Making  use  of  (18  33)  we  may  write  (18.32)  as  follows 


po<t)  =  CiAopAySS^PsYS  -  C2AayAp5S“Ps'>®  -  C4A£tpX°3TP^ 


Po0  =  (Cl  AapA^  -  C2AaYAp8)s«PsTfS  _  C4Aapt«3tP3 


(18.35) 
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19.  Constitutive  coefficients  for  an  initially  flat  composite  laminate  in  extension 

Considering  the  assumptions  and  development  in  section  18,  we  proceed  to  obtain  the 
relevant  constitutive  coefficients  for  an  initially  flat  composite  laminate  in  extension.  Guided  by 
the  theory  of  Cosserat  surface,  we  introduce  the  following  expressions  for  stresses 


(19.1.a) 

-.*a3_.r*3a_  15  „a3  r  ^2(^— hj) 

^  ^  IHTag-*  ‘wns"' > 

(19.1.b) 

(19.1.C) 

Introducing  (19.1)a,b.c  into  (18.20)  we  proceed  to  obtain  each  term  on 

(18.20)  as  follows: 

the  right-hand  side  of 

and 

(19.2) 

=  2E£ 

=  2E2- 

(19.3) 

BASE 


From  (19.2)  and  (19.3)  we  have 


tT  ^  hi  ^  h2 


=  -j(^hi 


=  -^  (|V  ni  +  -g-  n2)t«Pn^ 


V2 


Similarly  we  obtain 


C  ^  = i!‘  w 


2Er 


and 


hi+h2 

h, 


1+V2*  . 
2E2* 


From  (19.5)  and  (19.6)  we  have 


("T  ^  hi  T“Pxi«  +  h2  t«Pxr5 


(19.4) 


(19.5) 


(19.6) 
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_  h 
"T 


1+v 

T 


ni  + 


n2)x“M 

t2 


Moreover, 


(X*33)2d^  =  /“ 
^  o 


1 


(ic3)2f;dc 


hi  (k3)2 


and 


ri+hz  I 

h.  2^ 


1 

2E^ 


h2(k3)2 


(k3 
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In  a  similar  manner  we  obtain 
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Introduction 

Composite  materials  have  fully  established  themselves  as  workable  engineering  materials. 
Early  military  application  during  World  War  II  led  to  large-scale  commercial  and  aerospace  util¬ 
ization.  Today,  industries  such  as  aircraft,  automobiles,  sporting  goods,  electronics,  and  appli¬ 
ances  are  quite  dependent  on  composite  materials.  Since  advance  composite  materials  offer 
significant  advantages  in  terms  of  efficiency  and  cost.  A  widespread  and  efficient  application  of 
composite  materials  requires  detailed  and  reliable  knowledge  of  their  physical  properties  and,  in 
turn,  of  their  behavior  under  the  influence  of  external  effects  such  as  forces,  thermal  changes, 
etc.  Because  of  potentially  diverse  structural  and  physical  variety  of  reinforced  composites,  it  is 
neither  practical  nor  economical  to  rely  solely  on  experimental  determination  of  their  properties. 
Therefore,  similar  to  any  other  branch  of  physical  sciences,  it  is  desirable  to  develop  a  theory  (or 
theories)  so  that  we  can  analyze,  explain,  and  predict  the  behavior  of  composite  materials  under 
various  in-use  loading  conditions. 

Generally  speaking,  composite  materials  are  based  on  the  concept  of  compounding  rein¬ 
forcing  elements  and  matrix  materials  such  that  they  form  a  reinforced  composite.  The  mechani¬ 
cal  behavior  of  such  materials  is  termed  mechanics  of  composite  materials.  More  specifically,  a 
composite  material  is  one  in  which  two  or  more  constituents  are  combined  to  produce  a  new 
material  with  mechanical  properties  different  from  those  of  the  individual  constituents.  It  is 
assumed  that  the  constituents  of  a  composite  material  retain  their  individual  chemical  and 
mechanical  integrity  and  characteristics.  A  typical  composite  material  consists  of  a  bounding,  or 
matrix  material  containing  a  second  reinforcing  material  in  the  form  of  continuous  or  discontinu¬ 
ous  filaments  or  laminations.  Major  parameters  involved  in  mechanics  of  composite  materials 
are:  volume  fractions  of  reinforcing  elements  and  matrix,  direction  of  reinforcement,  geometry 
of  reinforcing  elements  and  position  of  reinforcing  elements  relative  to  each  other.  Additional 
variety  stems  from  the  physical  properties  of  the  constituents.  Altogether,  the  variation  of  the 
geometrical  and  physical  parameters  can  lead  to  an  enormous  number  of  possibilities.  It  is. 
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therefore,  desirable  to  have  theories  that  can  describe  the  physical  behavior  of  the  composite  in 
terms  of  the  known  geometrical  layout  of  the  composite  and  the  known  physical  properties  of 
the  consituents. 

An  appropriate  classification  of  the  mechanics  of  composite  materials  may  be  brought 
about  by  the  definition  of  two  areas  of  composite  material  behavior  as  follows: 

a)  Macromechanics:  The  study  of  composite  material  behavior  wherein  the  material  is 
presumed  homogeneous  and  the  effect  of  the  constituent  materials  are  detected  only  as  averaged 
apparent  properties  of  the  composite. 

b)  Micromechanics:  The  study  of  composite  material  behavior  wherein  the  interaction  of 
the  constituent  materials  is  examined  in  detail  as  part  of  the  behavior  of  the  heterogeneous  com¬ 
posite  material. 

The  properties  of  a  lamina  can  be  experimentally  determined  in  the  "as  made"  state  or  can 
be  mathematically  derived  on  the  basis  of  the  propenies  of  the  constituent  materials.  That  is,  we 
can  predict  lamina  properties  by  the  procedures  of  micromechanics  and  we  can  measure  lamina 
properties  by  physical  means  and  use  the  properties  in  a  micromechanical  analysis  of  the  struc¬ 
ture.  Knowledge  of  how  to  predict  properties  is  essential  in  constructing  composites  that  have 
certain  apparent  or  macroscopic  properties.  Thus,  micromechanics  is  a  natural  compliment  to 
macromechanics,  and  the  formulation  of  an  adequate  (continuum)  theory  that  could  describe  the 
mechanical  behavior  considering  the  micro-structure  of  composite  materials  is  highly  desirable 
and  of  major  concern  in  material  engineering  due  to  many  advantages  that  composite  materials 
offer  in  terms  of  cost,  weight  and  peformance. 

In  the  last  three  decades  several  continuum  theories  have  been  proposed  as  models  of  elas- 
tostatics  or  elastodynamics  of  composite  materials.  In  general  these  theories  may  be  divided  into 
two  major  categories  as  follows: 
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1)  theories  that  do  not  account  for  the  effect  of  microstructure. 

2)  theories  that  consider  the  behavior  of  microstructure  and  try  to  account  for  its  effect  in 
continuum. 

The  so-called  "effective  modulus"  theories  replace  the  actual  composite  by  a  homogeneous,  gen¬ 
erally  anisotropic  medium  whose  material  constants  are  a  geometrically  weighted  average  of  the 
properties  of  the  constituents.  While  yielding  satisfactory  results  for  certain  geometries  under 
static  loads,  such  an  approach  exhibits  serious  deficiencies  for  virtually  all  geometries  when 
applied  to  dynamic  problems  such  as  impact  and  wave  propagation.  Specifically,  effective 
modules  theories  are  incapable  of  reproducing  the  dispersion  and  attenuation  observed  in  com¬ 
posite  materials.  Such  a  behavior  is  a  well  known  phenomena  in  composites  and  is  a  result  of 
the  microstructure  of  the  particular  composite.  The  dynamic  behavior  of  a  composite  material  is 
of  great  importance  when  the  material  is  subjected  to  high-rate  loads  such  as  the  ones  that  are 
generated  by  impact  or  explosive  charges.  We  briefly  elaborate  on  this  point. 

The  dynamic  response  of  deformable  heterogeneous  materials  may  be  broadly  classified 
into  two  groups  as  follows. 

i)  The  wave  length  of  the  characteristic  response  of  the  material  is  very  long  compared 
with  the  scale  of  the  inhomogeneity.  Then  the  material  response  is  governed  by  the 
effective  properties  of  the  equivalent  homogeneous  medium.  In  this  case  the  struc¬ 
tural  response  and  wave  propagation  are  identical  to  those  of  homogeneous  materials. 

ii)  The  wave  length  of  the  response  is  not  ideally  long  with  respect  to  the  characteristic 
dimension  of  the  inhomogeneity.  In  this  situation  very  complicated  dynamic  effects 
can  occur.  The  interfaces  between  material  phases  cause  wave  reflection  and  refrac¬ 
tion.  This  phenomena  is  due  to  the  existence  of  microstructure  in  the  composite. 
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Considering  (i)  and  (ii)  above,  it  is  clear  that  any  continuum  theory  designed  to  account  for  the 
dynamic  response  of  a  composite  must,  in  some  fashion,  reflect  the  effect  of  microstructure  in 
the  composite.  In  addition  to  dynamic  response  of  the  composite  laminates  the  issue  of  inter¬ 
laminar  behavior  of  composite  laminates  is  of  great  importance.  This  issue  is  directly  related  to 
delamination  and  edge  effects  in  composites.  In  recent  years,  delamination  has  become  one  of 
the  most  feared  failure  modes  in  laminated  composite  structures.  It  can  exhibit  unstable  crack 
growth,  and  while  delamination  failure  itself  is  not  a  catastrphic  event,  it  can  perpetrate  such  a 
condition  due  to  its  weakening  influence  on  a  component  in  its  resistance  to  subsequent  failure 
modes.  This  problem  has  also  initiated  a  great  deal  of  research  in  the  field  of  composite  lam¬ 
inates.  What  began  in  1970  as  somewhat  of  an  academic  curiosity  turned  into  a  beehive  of 
research  activity  in  recent  years.  This  in  turn  indicates  the  desire  for  having  an  adequate  theory 
that  can  account  for  the  effect  of  interlaminar  stresses. 

With  the  rapid  advancements  in  numerical  analysis  and  computation  power  in  recent  years 
it  would  seen  natural  to  take  advantage  of  various  numerical  methods  such  as  finite  element 
method(s),  etc.  Indeed,  there  has  been  considerable  effort  in  this  direction.  However,  various 
specially  developed  composite  shell  and  composite  solid  elements  that  are  available  today  are 
not  adequate  for  advanced  applications.  These  elements  are  formulated  using  one  or  another 
form  of  shell  theories  and  although  they  provide  acceptable  results  in  special  situations  and 
under  simple  loading  conditions,  they  are  not  capable  for  predicting  accurate  structural  response 
for  extreme  in  use  loading  conditions.  One  reason  for  this  deficiency  has  been  the  lack  of  a 
powerful  theory  for  composite  laminates.  On  the  other  hand,  the  use  of  the  usual  three  dimen¬ 
sional  solid  elements  is  not  a  viable  approach  due  to  special  geometry  of  composite  laminates. 
The  geometric  characteristic  of  composite  laminates  requires  an  enormous  number  of  elements 
to  be  used.  This  in  turn  requires  an  extremely  high  computational  power  and  hence  becomes 
quite  expensive  and  time  consuming,  especially  in  the  case  of  "thick"  composite  laminates.  In 
general,  our  knowledge  of  the  mechanical  behavior  of  composite  materials  has  lagged  behind 
advances  in  such  other  related  areas  as  increasing  sophisticated  computers  and  computational 
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methods.  It  is  believed  that  for  a  reliable  structural  analysis,  the  model(s)  of  composite  lam¬ 
inates  should  be  based  on  sound  thermomechanical  principles. 

A  review  of  the  literature  on  continuum  theories  developed  for  composite  laminates  reveals 
that  most  of  the  theories  that,  in  some  fashion,  account  for  the  effect  of  micro- structure  are  linear 
in  nature.  Consequently,  these  theories  are  not  capable  to  model  the  behavior  of  composite  lam¬ 
inates  undergoing  large  deformation.  Moreover,  all  continuum  theories,  with  the  exception  of 
one  [Blinowski,  1986],  are  proposed  for  composite  laminates  with  initially  flat  configurations. 
Hence,  these  theories  are  not  appropriate  for  curved  geometries.  In  addition  the  available  con¬ 
tinuum  theories  are  mainly  developed  to  predict  only  the  dynamic  response  of  ti.e  composite 
laminates.  Therefore,  they  do  not  seem  to  be  adequate  for  problems  involving  static  response  of 
the  laminated  composites  with  specified  boundary  conditions,  delamination  and  edge  effects. 
Indeed  the  literature  on  the  proposed  continuum  theories  of  composite  laminates  may  be  divided 
into  two  groups.  One  group  is  concerned  with  the  formulation  of  theories  that  are  adequate  for 
dynamic  response  of  composite  laminates  and  another  group  that  is  involved  with  the  formula¬ 
tion  of  theories  that  are  appropriate  for  intelaminar  response  of  composite  materials. 

The  dynamic  behavior  of  a  composite  material  (or  a  continuum  in  general)  is  of  great 
importance  when  the  material  is  subjected  to  high-rate  loads  such  as  the  ones  generated  by 
impact  or  explosive  charges.  The  importance  of  the  dynamic  behavior  of  composite  materials 
has  directed  the  efforts  of  the  researchers  towards  the  consideration  and  incorporation  of  the 
effect  of  microstructure  in  their  suggested  continuum  theories.  One  of  the  earliest  efforts  is  due 
to  Sun,  Achenbach  and  Herrmann  [Sun  et  al.  1968]  in  which  they  developed  a  linear  continuum 
theory  for  a  composite  laminate.  In  this  woric  and  its  subsequent  refinements  by  Achenbach 
[1974,  1975],  a  system  of  displacement  equations  of  motions  was  presented,  pertaining  to  a  con¬ 
tinuum  theory  to  describe  the  dynamic  behavior  of  a  laminated  composite.  In  deriving  the  equa¬ 
tions  of  motion  the  displacements  of  the  reinforcing  layers  and  the  amtrix  layers  were  expressed 
as  two-term  expansion  about  the  mid-planes  of  the  layers.  Dynamic  interaction  of  the  layers  was 
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included  through  continuity  relations  at  the  interfaces.  By  making  use  of  the  expression  for  the 
total  energy  of  the  composite  and  application  of  Hamilton’s  principle,  where  the  continuity  rela¬ 
tions  were  included  through  the  use  of  Lagrangian  multipliers,  the  displacement  equations  of 
motion  were  obtained. 

A  generalization  of  the  foregoing  theory  was  given  by  Aboudi  [1981a,  1983,  1985,  1989], 
who  also  expressed  the  displacement  components  in  terms  of  Legendre  polynomials  but  in 
somewhat  more  general  terms.  In  his  woilc  Aboudi  has  imposed  the  condition  of  continuity  of 
displacements  and  stress  components  between  the  adjacent  layers  where  all  the  continuity  condi¬ 
tions  are  satisfied  pointwise  throughout  the  common  boundary  of  the  adjacent  layers.  Aboudi 
has  expanded  on  his  theory  and  has  been  able  to  obtain  a  more  generalized  version  applicable  to 
nonelastic  laminated  exposites  [1981b,  1985b]. 

Another  approach  to  continuum  formulation  of  laminated  composites  is  due  to  Hegemier 
and  Nayfeh.  These  authors  developed  a  continuum  theory  for  linear  wave  propagation  normal  to 
the  layers  of  a  laminated  composite  with  elastic,  periodic  microstructure.  Their  construction  is 
based  upon  an  asymptotic  scheme  in  which  dominant  signal  wavelengths  were  assumed  large 
compared  to  typical  composite  microdimensions. 

A  different  approach  to  the  problem  was  adopted  by  Bedford  and  Stem  in  which  they 
presented  a  linear  continuum  theory  that  is  based  on  the  continuum  theory  of  mixtures.  The  con¬ 
stituents  of  a  composite  were  modeled  as  superimposed  continua  which  undergo  individual 
deformations.  Effect  of  structure  on  dynamical  processes  in  composite  materials  were  then 
simulated  by  specified  by  the  coupling  between  the  individual  constituent  motions.  The  misture 
theory  has  also  been  used  by  other  researchers  to  develop  continuum  theories  for  composite  lam¬ 
inates.  In  this  connection  mention  should  be  made  of  the  work  of  Murakami  and  Hegemier  [  ], 
Tiersten  and  McCarthy  [  ]  and  McNiven  [  ]. 
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Yet  another  approach,  namely  variational  formulations,  was  presented  by  Nemat-Nasser, 
Fu  and  Minagawa  [  ],  which  was  based  on  a  quotient  due  to  Nemat-Nasser.  By  making  use  of 
the  quotient  lower  and  upper  bounds  for  the  eigenfrequencies  were  then  developed.  This 
approach  was  later  exploited  and  utilized  with  the  help  of  finite  element  analysis,  to  study  the 
harmonic  waves  of  layered  media. 

Two  other  important  and  related  issues  regarding  composite  laminates  are  delamination  and 
edge  effects  caused  by  interlaminar  stresses  in  composite  laminates.  These  issues  have  not  been 
addressed  either  by  the  effective  modulus  theories,  or  by  the  various  suggested  dynamical  con¬ 
tinuum  theories.  Yet,  due  to  the  significance  of  interlaminar  response  of  composite  laminates  a 
large  amount  of  research  is  directed  towards  the  development  of  theories  that  can  treat  the  inter¬ 
laminar  response  of  composite  laminates.  In  this  connection,  mention  should  be  made  of  the 
pioneering  work  of  Pagano  and  pipes. 


Although  some  interesting  and  partial  information  has  been  produced  in  regard  to  delamination 
and  edge  effects  by  the  available  theories,  these  theories  are  all  ad  hoc,  limited  in  their  capabili¬ 
ties,  and  fail  to  account  for  dynamical  effects. 

All  in  all,  it  seems  that  the  available  theories  are  limited  in  their  degrees  of  capability  and 
hence  lack  the  generality  and  applicability  expected  from  a  comprehensive  continuum  theory. 
The  aforementioned  issues  become  more  important  in  the  case  of  thick  composite  laminate,  i.e., 
when  the  configuration  of  the  composite  approaches  a  three-dimensional  body. 
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Considering  the  restrictions  of  existing  theories,  the  specific  objectives  of  this  investigation 
has  been  to  develop  a  general  continuum  theory  for  laminated  composite  materials  that  could 
account  for  the  effect  of  i)  microstructure,  ii)  nonlinearity,  iii)  curved  geometry,  and  iv)  inter¬ 
laminar  stresses.  The  theory  presented  here  is  represented  by  a  set  of  well-defined  conservation 
laws  predicated  on  physical  observations.  Within  the  context  of  purely  mechanical  theory,  the 
developed  theory  exhibits  the  following  features: 

It  is  well  known  that  two  different  approaches  may  be  adopted  for  the  construction  of 
mechanical  theories  appropriate  for  shell-like  and  rod-like  bodies.  One  approach  starts  with  the 
three-dimensional  equations  of  classical  continuum  mechanics  and  by  introducing  special 
assumptions/approximations,  attempts  to  obtaine  one-dimensional  or  two-dimensional  field 
equations  and  constitutive  equations.  In  the  second  approach,  the  rod-like  or  shell-like  body  is 
represented  (directly)  by  a  purely  one-dimensional  or  two-dimensional  theory  without  any  refer¬ 
ence  to  the  three-dimensional  theory.  In  this  approach,  one  proceeds  to  develop  the  field  equa¬ 
tions  and  the  relevant  constitutive  equations  directly. 

The  two  foregoing  approaches  also  apply  to  the  constraction  of  a  theory  for  composite  lam¬ 
inate  due  to  the  existence  of  special  shell-like  geometry.  In  this  paper  we  adopt  the  first 
approach,  namely  derivation  from  the  three-dimensional  theory.  The  direct  approach  to  the 
problem  will  be  discussed  in  a  separate  paper.  Moreover,  in  order  to  keep  the  paper  in  a 
manageable  size,  we  confine  our  attention  to  the  development  of  the  nonlinear  theory  only.  The 
derivation  of  the  corresponding  linear  theory  and  other  related  issues  are  considered  in  another 


papeer. 
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2.  Preliminaries.  General  background. 

In  this  section  we  introduce  the  coordinate  systems,  and  the  notations  which  will  be  used  in 
the  subsequent  development.  We  also  record  some  relevant  results  from  classical  three- 
dimensional  continuum  mechanics. 

2.1  Coordinate  Systems 

Let  the  points  of  a  region  f^in  a  three  dimensional  Euclidean  space  be  referred  to  a  fixed 
right-handed  rectangular  Cartesian  coordinate  system  x*  (i  =  1,2,3)  and  let  q*  (i  =  1,2,3)  be  a  gen¬ 
eral  convecud cnrvilineai  coordinate  system  defined  by  the  transformation 

x‘  =  x‘(qi,q2q3) 

We  assume  the  above  transformation  is  nonsingular  in  i.e., 

dc.(^).0 

This  implies  the  existence  of  the  unique  inverse  such  that 

q*  =  qKxi,x2,x3)  (2.3) 

We  recall  that  a  convected  coordinate  system  is  normally  defined  in  relation  to  a  continuous 
body  and  moves  continuously  with  the  body  throughout  the  motion  of  the  body  from  one 
configuration  to  another. 

Throughout  this  work,  all  Latin  indices  (subscripts  or  superscripts)  take  the  values  1,2,3;  all 
Greek  indices  (subscripts  or  superscripts)  take  the  values  1,2  and  the  usual  summation  conven¬ 
tion  is  employed.  We  will  use  a  comma  for  partial  differentiation  with  respect  to  either  space  or 
surface  coordinates  such  as  q*  or  q“  and  a  superposed  dot  for  material  time  derivative,  i.e.,  dif¬ 
ferentiation  with  respect  to  time  holding  the  material  coordinates,  such  as  q'  or  q“,  fixed.  Also, 


(2.1) 


(2.2) 
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we  use  a  vertical  bar  ( I  )  or  a  double  vertical  bar  ( 11 )  for  covariant  differentiation  in  2  and  3 
dimensional  spaces,  respectively.  Also,  for  convenience,  often  we  set  =  4  and  adopt  the  nota¬ 
tion 


ti‘  =  (t1“4)  (2.4) 

As  it  becomes  clear  shortly,  in  order  to  adequately  represent  the  behavior  of  composite  lam¬ 
inate  we  need  to  introduce  a  second  system  of  convected  coordinates.  We  will  designate  this 
latter  system  by  0*  (i  =  1,2,3).  In  addition,  in  the  course  of  derivation  of  various  results  for  the 
composite  laminate  we  will  encounter  covariant  differentiation  with  respect  to  a  coordinate  sys¬ 
tem  which  corresponds  to  composite  continuum.  To  denote  this  we  will  use  a  single  boldfaced 
vertical  bar  (  I  ).  In  what  follows,  when  there  is  a  possibility  of  confusion,  quantities  which 
represent  the  same  physical/geometrical  concepts  will  be  denoted  by  the  same  symbol  but  with 
an  added  asterisk  (*)  for  classical  three  dimensional  continuum  mechanics  or  an  added  hat  (") 
for  the  micro-structure  and  no  addition  for  composite  laminate  (macro-structure).  For  example, 
the  mass  densities  of  a  body  in  the  contexts  of  the  classical  continuum  mechanics,  the  Cosserat 
surface  (micro-structure)  and  the  composite  laminate  (macro-structure)  will  be  denoted  by  p*,  p 
and  p,  respectively. 
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2.2.  Basic  equations  of  classical  v./ntinuuin  mechanics  in  general  curivlinear  coordinates 

In  this  section  we  summarize  some  preliminary  results  from  the  three-dimensional  theory 
for  non-polar  media  in  terms  of  general  curvilinear  coordinates. 

We  define  a  body,  designated  by  fS*,  as  a  set  of  particles  (material  points).^  We  designate 
the  particles  of  the  body  by  P*  and  assume  that  the  body  is  smooth  and  can  be  put  into 
correspondence  with  a  domain  of  the  three-dimensional  Euclidean  space.  Thus,  by  assumptions, 
a  particle  P*  of  the  body  can  be  put  into  a  one-to-one  correspondence  with  the  triples  of  real 
numbers  PiJ*24*3  in  a  region  of  Euclidean  3-space.  We  assume  the  mapping  from  the  body 
manifold  to  the  domain  of  a  Euclidean  3-space  is  one-to-one,  invertible,  and  differentiable  as 
many  times  as  desired. 

Consider  a  body  with  its  particles  P*  and  its  boundary  d‘B*  (a  closed  surface)  be 
embedded  in  a  region  %of  the  Euclidean  3-space,  and  let  the  particles  (material  points)  of  *  be 
identified  by  a  convected  coordinate  system  (2.2).  Let  P*  denote  the  position  vector,  relative  to  a 
fixed  origin,  say  0,  of  a  typical  particle  of  (B*  in  a  reference  configuration.  Then,  we  have^ 

P*  =  P*(T1«,^)  (2.5) 

This,  in  view  of  (2.2),  may  also  be  expressed  as  a  function  of  x^  We  recall  that,  in  general,  the 
numerical  values  of  the  coordinates  associated  with  each  material  point  of  a  continuum  varies 
from  one  configuration  to  another.  However,  when  the  particles  of  a  continuum  are  referred  to  a 
convected  coordinate  system,  the  numerical  values  of  die  coordinates  of  a  particle  remain  the 
same  for  all  time.  The  position  vector  of  a  typical  particle  of  fS*  in  the  present  (deformed) 
configuration  at  time  t,  relative  to  the  same  fixed  origin  will  be  denoted  by 

*  Note  that  from  now  on  when  we  refer  to  a  body  in  the  sense  of  classical  continuum  mechan¬ 
ics,  we  will  denote  it  by  an  added  asterisk  (*).  The  same  will  be  true  for  the  various  quantities  as¬ 
sociated  with  the  body. 

^  Throughout  this  woric  for  the  sake  of  simplicity,  and  if  there  is  no  possibility  of  confusion,  we 
denote  a  function  and  its  value  with  the  same  symbol. 
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P*  =  P*W.t)=P*(Tl“4.t) 


(2.6) 


We  note  that  equation  (2.5)  specifies  the  place  occupied  by  the  material  point  T]'  in  a  reference 
configuration,  while  the  place  occupied  by  the  same  material  point  q’  in  the  present  (deformed) 
configuration  is  specified  by  (2.6).  We  assume  that  the  vector  function  p*  in  (2.6),  which 
describes  the  motion  of  the  body  *  is  differentiable  with  respect  to  q“,  ^  and  t  as  many  times 
as  may  be  required.  We  recall  the  formulae 


g*  =  .  gij  =  g*  •  gj*  .  g*  =  det(gip  ,  g*i/2  =  [gj*  g2*  g3*]  >  0  , 


(2.7) 


g*'  =  g*ygj*  .  g*‘-g*j  =  g*y  .  g*‘  gj*  =  5>j 

where  g*  and  g*‘  are  the  covariant  and  the  contravariant  base  vectors  at  time  t,  gi*  is  the  metric 
tensor,  g**j  is  its  conjugate,  S'j  is  the  Kronecker  symbol  in  3-dimensional  space,  and  [  ]  denotes 
scalar  triple  product  We  note  that  in  any  given  motion  [g*  gi  gal  is  either  positive  or  negative. 
The  choice  of  positive  sign  in  (2.7)4  is  for  definiteness  and  has  the  advantage  that  it  requires  q* 
be  a  right-handed  coordinate  system.  We  also  recall  the  expression  for  the  square  of  a  line  ele¬ 
ment  and  an  element  of  volume  in  the  present  configuration, 

d.^  =  dp*  •  dp*  =  gijdqkiqj  (2.8) 

drr  =  g*i/2dq‘dq2dq3  (2.9) 

Formulae  analogous  to  (2.7)  and  (2.9),  valid  in  a  reference  configuration  are  given  by 


Gi*  =  -^  ,  Gi]  =  Gi*  •  Gj*  ,  G*  =  det(Gi])  ,  G*i/2  =  [Gf  Gz*  G3*]  >  0  , 
G*‘  =  G*yGj*  ,  G*‘  G*j  =  G*^j  ,  G*‘  Gj*  =  5'j 


(2.10) 


and 


dS2  =  dP*-dP*  =  Gij  dq^dqi 


(2.11) 
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dV*  =  G*‘^dn*dTi2dTi3 

We  define  a  strain  measure  through 


(2.12) 


-  dS2  =  27ij  dTi^dTV  (2.13) 

71j  =  Vi(gi]-Gip  (2.14) 

where  Gjj  is  the  metric  tensor  associated  with  the  reference  configuration  and  the  covari¬ 
ant  components  of  the  symmetric  strain  tensor.  Moreover,  the  velocity  is  given  by 


V 


« 


(2.15) 


Let  ?P*,  bounded  by  a  closed  surface  ^^P*,  refer  to  an  arbitrary  part  of  the  body  ®  *  in  the 
present  configuration.  Then  within  the  scope  of  the  classical  (nonpolar)  continuum  mechanics, 
the  system  of  forces  acting  over  any  part  HP*  of  the  body  ®  *  in  motion  consist?,  of  the  sum  of  the 
two  types  of  forces,  Fb  and  Fc ,  as  described  below: 


Let  b*  =  b*(Tl^t)  be  a  vector  field,  per  unit  mass  p*,  defined  for  material  points  in  the  region 
of  the  Euclidean  space,  occuped  by  (B  *  at  time  t.  This  vector  field  is  called  the  body  font.  The 
resuCtant  body  font  acting  on  the  part  fP*  in  the  present  configuration  at  time  t  is  defined  by 


Fb=Jj,.pVd.^  (2.16) 

where  dif  denotes  the  element  of  volume.  In  addition,  let  the  outward  unit  normal  vector  at  a 
material  point  on  the  boundary  dT*  of  the  part  iP*  at  time  t  be  denoted  by  n*  and  be  given  by 


n*  =  nig  i  =  n*igi 


(2.17) 


Let  t*  =  t*(TiSt;n*)  be  defined  for  the  material  points  on  the  boundary  dV*  at  time  t.  The  vector 
t*  is  called  the  contact  font  or  the  stnss  vutoracung  on  the  part  iP*  of  CB*.  The  nsidtant  contact 
font  exerted  on  the  part  fP*  at  time  t  is  then  defined  by 
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Fc=J35,-'‘(n‘.l;n‘)da‘  (2.18) 

where  da*  is  the  element  of  area  whose  outward  unit  normal  is  n*.  Moreover,  we  assume  the 
existence  of  a  specific  internal  energy  density  e*  =  e’CtiSt)  per  unit  mass  p*. 

In  terms  of  the  above  definitions  of  the  various  field  quantities,  with  reference  to  the  present 
configuration  and  within  the  context  of  the  classical  (nonpolar)  continuum  mechanics,  the  con¬ 
servation  laws  in  the  context  of  purely  mechanical  theory  are  given  by 

(2.19) 

®  IfP*  ^  ^  laip-  P*  ^ 

^  Jy  p‘(e*+K*)dz;=  p*(b*  x  v*dt^)  +  t*  •  v*da* 

where  k*  denotes  the  kinetic  energy  per  unit  mass  p*  and  has  the  form 

K*  =  ‘/2  V*  •  V*  (2.20) 

Equations  (2.19)a  to  (2.19)d  represent  mathematical  statements  of  conservation  of  mass,  conser¬ 
vation  of  linear  momentum,  conservation  of  moment  of  momentum,  and  conservation  of  energy, 
respectively. 

Under  suitable  continuity  assumptions,  the  principle  of  linear  momentum  and  that  of 
moment  of  momentum  imply  the  existence  of  a  tensor  field  x*y  =  T*'j(Ti*',t)  such  that 


r‘  =  g*’'^T*y^*  =  g*''4xj*‘g*j 


(2.21) 
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Moreover,  with  the  help  of  (2.21),  the  transport  theorem,  and  the  divergence  theorem,  the  bal¬ 
ance  laws  (2.19)a  and  (2,19)b  can  be  reduced  to  the  Cauchy  equations  of  motion,  i.e.. 


T\i  +  p*b*g*‘>^=p*c*g*‘'^ 


gi*xT‘i  =  0 


where  c*  is  the  acceleration  vector,  i.e.. 


(2.22) 


c*  =  v*  (2.23) 

and  where  a  superposed  dot  is  the  material  time  derivative  with  respect  to  t  hold  t]’  fixed.  In 
(2.21)  and  (2.22)  t**!  and  are  the  contravariant  and  mixed  components  of  the  stress  tensor  and 
a  comma  denotes  partial  differentiation  with  respect  to  q*.  Moreover,  with  the  use  of  the  diver¬ 
gence  theorem  and  the  equations  of  motion,  it  can  be  shown  that  (2.19)^  reduces  to 


pV^'^*  =  T*i-v.? 


pV  =  x*iiy.j 


For  an  elastic  body  we  make  the  constitutive  assumption  that 


(2.24) 


e*  =  e*(yij)  (2.25) 

together  with  a  similar  assumption  for  the  stress  tensor  t**j.  In  (2.25),  the  dependence  of  e*  on 
the  reference  metric  tensor  is  understood,  although  this  is  not  shown  explicitly.  Making  use  of 
(2.24)  and  (2.25),  we  obtain  the  results^ 


t*y  =  p* 


(2.26) 


^  In  the  last  expression,  the  partial  derivative  is  understood  to  have  the  symmetric  form 


j_,de* 

2 


+ 
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A  material  surface  in  ®  *  can  be  defined  by  the  equation  ^  The  equations  resulting 

from  (2.5)  and  (2.6)  with  ^  =  ^(q“)  represent  the  parametric  forms  of  this  surface  in  the  refer¬ 
ence  and  present  configuration,  respectively.  In  particular,  with  reference  to  (2.6) 

^  =  ^(11“)  =  constant  (2.27) 

defines  a  one  parameter  family  of  surfaces  in  space  each  of  which  is  assumed  to  be  smooth  and 
non-intersecting.  Let  the  surface  ^  =  0  in  the  present  (deformed)  configuration  at  time  t  be 
denoted  by  s.  Any  point  of  this  surface  is  specified  by  the  position  vector  r,  relative  to  the  same 
fixed  origin  0  in  the  3-dimensional  space,  and  we  have 

r  =  r(Ti“,t)  =  p*(ti“,0,t) 

Let  Ua  denote  the  base  vectors  along  the  ii“-curves  on  the  surface  s.  Moreover,  let  83 
be  the  unit  normal  to  s.  We  recall  the  results 

aa=-||^  =  ga(Timt)  ,  (2.29) 

a“  •  33  =  0  ,  33  •  33  =  1  ,  33  =  3^  ,  [3i  32  33]  0  .  (2.30) 

We  also  recall  the  formulae 


(2.28) 
=  a3(Tl“,t) 


aap  =  aa-ap  ,  a  =  det(aap)  ,  a“  =  a“Pap  , 


a“  •  aP  =  a“P  ,  a«7a^  =  6“p  , 


(2.31) 


baP  =  bpa  =  ~aa  •  a3,p  =  33  •  aa,p  (2.32) 

aaip  — bo[pa3  ,  33,<x  =  — b^^ay  ,  b(xpiy=  bayip  (2.3 j) 

where  a^p  is  the  metric  tensor  of  the  surface  and  bap  are  the  coefficients  of  the  second  funda¬ 
mental  form  of  the  surface.  We  recall  that  the  three  equations  given  by  (2.33)  are  the  formulae 
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of  Gauss,  Weingarten  and  the  Mainardi-Codazzi,  respectively. 

Considering  expression  (2.28),  we  recall  that  r  is  the  position  vector  of  a  typical  point  of 
the  surface  s,  i.e.,  the  material  surface  ^  =  0  in  the  present  configuration  of  the  body  ®  *  at  time  L 
Let  the  corresponding  surface  (i.e.,  ^  =  0)  in  the  reference  configuration  be  denoted  by  S.  Any 
point  of  this  surface  in  the  reference  configuration,  is  specified  by: 

R  =  R(t1“)  =  P(i1“0)  (2.34) 

It  should  be  clear  that  if  the  reference  configxiration  of  is  chosen  to  be  the  initial 
configuration  at  time  t  =  0,  then  we  will  have 

R  =  R(Ti“)  =  r(Ti“,0)  (2.35) 

Let  Aa  be  the  base  vectors  along  the  coordinate  curves  on  the  surface  S.  Then  we  have 

and 

Aa  •  A3  =  0  ,  A3  •  A3  =  1  ,  A3  =  A^  ,  [Ai  A2  A3]  ^  0 
where  A3  is  the  unit  normal  to  S.  The  duals  of  the  relations  (2.31)  to  (2.33)  are  given  by 


(2.36) 


(2.37) 


Aap  =  Aa  •  Ap  ,  A  =  det(Aap)  ,  A“  =  A“PAp  , 

(2.38) 

A“  •  AP  =  A«P  ,  A«yA^  =  5“p 

Bap  =  BoP  =  -Aa  •  A3.P  =  A3  •  Aa,p  (2.39) 

Aaip  =  BapA3  ,  A3^a  — ~BTaAy  ,  Bapiy^Bayip  (2.40) 


Before  closing  this  section  we  recall  basic  jump  conditions  in  the  context  of  three- 
dimensional  classical  continuum  mechanics.  Suppose  that  at  time  t  an  arbitrary  material  volume 
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of  the  body  occupies  a  part  ?P*  bounded  by  a  closed  surface  d(P*.  Let  iP*  be  divided  into  two 
regions  (P*,  (P2  separated  by  a  moving  surface  o(t),  and  let  d(P*',  d(P*  denote  the  portions  of 
the  surface  dP*  which  form  parts  of  the  boundaries  dP*  and  ^^P2  such  that 

=  ,  dT*  =  dP*’udP*“  (2.41) 

^^Pf  =  ^^P*'ua(t)  ,  ^^2?  =  ^^p•"uo(t) 

Let  the  velocity  of  the  surface  a(t)  along  its  outward  normal,  when  a  is  regarded  as  part  of 
the  boundary  ,  be  denoted  by  Un-  Then,  -  Un  is  the  normal  velocity  of  a  when  this  surface  is 
regarded  as  part  of  the  boundary  of  55*  Let  y  be  any  function  which  takes  different  values  yi 
and  y2  on  either  side  of  o  in  the  regions  and  25.  respectively.  We  adapt  the  notation  [  1  to 
indicate  the  difference  of  y2  and  Vi  and  write 

[yl  =  ¥2-¥i  (2.42) 

We  also  adopt  the  notations 

Wln  =  Vin-Un  ,  W2„  =  Vjn  -  Un  (2.43) 

where  vjn  and  V2n  are  the  velocities  of  the  material  points  in  the  regions  25  and  25  along  the 
normal  to  o,  respectively.  Then  within  the  context  of  classical  three-dimensional  continuum 
mechanics,  we  recall  the  following  jump  conditions 

a  :  [p*Wnl  =  0 
b  :  IpVwn*-ri  =  0 

(2.44) 

c  :  no  new  equation 


d  :  |p*(e*+k>n*-f-v*]=0 
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3.  Modeling  of  a  composite  laminate 

To  begin  with,  the  continuum  itself  is  a  model  representing  an  idealized  body  in  some 
sense.  We  may  recall  that  the  continuum  model  (in  classical  mechanics)  is  intended  to  represent 
phenomena  in  nature  which  appear  at  a  scale  larger  than  the  interatomic  distances.  From  such 
intuitive  notions  the  well  defined  classical  field  theories  of  mechanics  have  been  constructed  and 
the  "macroscopic"  behavior  of  the  general  medium  in  question  has  been  successfully  studied.  In 
the  context  of  classical  continuum  mechanics  a  body  is  thought  of  as  a  set  of  particles  (material 
points),  say  x.  Each  material  point  has  a  distinct  identity  and  occupies  at  each  instant  of  time  t 
an  exclusive  place  in  a  Euclidean  three-dimensional  space,  so  that  one  can  identfy  each  material 
point  X  with  its  place  (i.e.,  the  position  vector  from  a  fixed  reference  point)  in  the  space.  It  is 
implied  that  no  more  interesting  information  would  be  perceived  by  a  finer  observation  of 
material  points.  Hence,  "microscopic"  details,  if  any,  are  discarded. 

For  a  large  class  of  bodies,  these  preconceptions  are  justified,  but  there  are  also  cases  when 
a  closer  look  at  a  material  point  reveals  some  microscopic  order  and  that  at  least  partial  informa¬ 
tion  of  interest  could  be  extracted  by  considering  the  effect  of  the  microscopic  order.  It  is  there¬ 
fore  desirable  to  construct  continuum  theories  that  in  some  fashion  incorporate  the  effect  of  the 
microstructure  while  enjoying,  if  possible,  to  some  extent  the  level  of  generality  available  in  the 
classical  continuum  mechanics.  There  are  different  types  of  materials  that  exhibit  microstmc- 
mral  behavior.  One  class  of  such  materials  is  composites,  i.e.,  bodies  in  which  two  or  more  sub¬ 
stances  are  combined  in  a  specific  geometrical  fashion  to  produce  a  new  material  with  mechani¬ 
cal  properties  different  from  those  of  the  individual  constituents.  Roughly  speaking,  a  contin¬ 
uum  with  microstructure  is  a  continuum  whose  properties  and  behavior  are  affected  by  the  local 
deformations  of  the  material  points  in  any  of  its  volume  elements. 

It  is  conceivable  that  equations  which  represent  the  macroscopic  motion  in  one  scale  may 
describe  motion  on  a  scale  which  in  some  sense  is  microscopic.  Indeed,  the  practical  analysis  of 
the  mechanical  response  of  composite  bodies  involves  analytical  studies  on  two  levels  of 
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abstraction.  These  areas  of  investigation  are  known  as  mkromufutnus  and  macTomaJianics.  In 
micromechanics,  one  attempts  to  recognize  the  fine  details  of  the  material  stmcture,  i.e.,  a 
heterogeneous  body,  consisting  of  reinforcing  elements,  such  as  fibers,  plies,  particles,  etc., 
embedded  in  a  matrix  material.  In  other  words,  micromechanics  establishes  the  relation  between 
the  properties  of  the  constituents  and  those  of  a  unit  composite  cell.  In  macromechanics,  on  the 
other  hand,  one  attempts  to  consider  the  composite  body  as  an  assembly  of  interacting  cells,  and 
study  the  overall  behavior  of  the  composite.  For  clarity,  we  emphasize  that  the  term 
micromechanics  does  not  imply  studies  on  the  atomic  scale.  At  the  same  time  we  note  that 
within  the  context  of  the  present  discussion,  the  physical  dimension(s)  involved  at  the  micros- 
tructural  level  are  much  smaller  than  the  physical  dimension(s)  involved  at  the  macrostructural 
level.  In  what  follows  we  confine  our  attention  to  laminated  composite  bodies. 

We  define  a  composite  laminate  as  a  three-dimensional  continuum  consisting  of  multiple 
(two  or  more)  layers  of  materials  which  act  together  as  a  single  (integral)  physical  entity.  Here 
we  confine  our  attention  to  laminated  composites  composed  of  alternating  layers  of  only  two 
materials,  each  of  which  are  considered  to  be  homogeneous.  The  layers  are  not  considered  to  be 
necessarily  flat  and  could  have  any  type  of  curvature  (see  figure  1).  We  assume  the  thickness  of 
each  layer  (ply)  is  much  smaller  than  its  other  two  dimensions  and  also  smaller  than  the  dimen¬ 
sion  of  the  composite  laminate  in  the  same  direction  (i.e.,  stack  up  direction).  For  example  if  0“ 
are  curvilinear  surface  coordinates  of  a  layer  (ply)  and  0^  is  the  third,  out  of  surface,  coordinate 
of  the  layer  and  the  layers  alternate  in  the  direction  of  0^,  the  dimension  of  one  set  of  alternating 
layers  (one  of  each  material)  is  much  smaller  in  comparison  to  the  dimension  of  the  composite  in 
the  direction  of  0^. 

In  order  to  construct  a  continuum  theory,  we  look  for  a  (some)  representative  (repetitive) 
feature(s)  within  the  body.  For  the  laminated  medium  under  consideration  the  most  distinct 
representative  character  is  the  alternating  feature  of  the  layers.  Hence,  we  choose  the  combina¬ 
tion  of  one  layer  of  reinforcement  and  one  layer  of  matrix  as  a  representative  element  (micro- 
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structures)  for  the  laminated  composite.  We  then  model  this  representative  shell-like  element  as 
a  two-dimensional  continuum,  i.e.,  Cosserat  (directed)  surface  which  is  a  material  surface 
together  with  a  deformable  vector  field  called  director.  Next  we  assume  the  composite  laminate 
is  composed  of  infinitely  many  of  such  representative  elements  (Cosserat  surfaces)  adjacent  to 
each  other. 

Consider  a  finite  three-dimensional  body  (B  in  a  Euclidean  3- space  and  let  a  set  of  con- 
vected  coordinates  0‘  (i  =  1,2,3)  be  assigned  to  each  particle  (material  point)  P  of  *B.  Assume  at 
each  particle  P  there  exists  a  Cosserat  surface,  s  (i.e.,  a  material  surface  together  with  a  deform¬ 
able  vector  field  called  the  director)  such  that  6"  are  the  coordinates  of  the  surface.  If  at  each 
point  P  the  Cosserat  surface  is  now  identified  by  a  representative  element  (i.e.,  one  layer  of 
matrix  together  with  one  layer  of  reinforcement)  of  the  laminated  composite  and  if  the  body  is 
identified  with  the  composite  laminate  itself,  the  iiKxlel  of  a  composite  laminate  with  micro¬ 
structure  is  at  hand.  It  is  to  be  emphasized  that  in  the  present  discussion  each  representative  ele¬ 
ment  (Cosserat  surface)  is  itself  a  three  dimensional  shell-like  body  ‘B*  consisting  of  two  layers 
of  different  homogeneous  materials.  We  also  notice  that  the  material  points  within  each 
representative  element  are  regular  particles  in  the  sense  of  classical  continuum  mechanics 
while  the  material  points  of  B  are  endowed  not  only  with  an  "assigned  mass"  density  but  also 
with  a  "director."  For  clarity,  we  will  refer  to  the  body  ®  as  composiu  taminau,  macro  continuum  or 
macro-structure  and  to  the  body  as  representative  dement,  micro-continuum  or  micro-structure.  Also, 
we  will  refer  to  particles  of  B  as  macro-particles  or  composiu  particles  while  the  particles  of  the 
micro-structures  will  be  referred  to  as  mkro-partkles  or  simply  particles  (material  points).  We 
reiterate  that  parameters  or  variables  that  represent  similar  physical  quantities  in  micro-body, 
Cosserat  surface  and  macro-body  will  be  designated  with  the  same  symbol  but  with  an  additional 
asterisk  (*)  and  an  over  hat  (")  for  the  micro- body  and  Cosserat  surface,  respectively.  For  exam¬ 
ple,  the  mass  density  of  the  composite  laminate  will  be  called  composite  mass  (or  macro-mass) 
density  and  will  be  denoted  by  p  while  the  mass  densities  of  the  Cosserat  surface  and  that  of  the 
micro-structure  will  be  designated  by  p  and  p*,  respectively.  A  precise  definition  of  a  shell-like 
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micro-structure  is  given  in  section  3.2.  For  now,  we  recall  that  each  representative  element 
(Cosserat  surface)  represents  a  three-dimensional  body  in  the  sense  of  classical  continuum 
mechanics  and  its  boundary  consists  of  a  lateral  (normal)  surface  and  two  major  (upper  and 
lower)  surfaces.  We  assume  that  at  each  composite  particle  the  reference  surface  coincides  with 
the  lower  surface  of  the  shell-like  micro-structure.  Hence,  each  geometric  point  P  of  the  body 
is  considered  to  coincide  with  a  point  P*  on  the  lower  surface  of  the  shell-like  micro-structure. 
As  it  will  become  clear  shortly,  in  order  to  adequately  describe  the  motion  of  the  micro¬ 
structure,  we  need  to  introduce  an  additional  independent  variable  along  the  thickness  of  layer¬ 
ing.  This,  roughly  speaking,  implies  that  a  fourth  special  dimension  is  required  for  adequate 
description  of  composite  laminates. 

3.1.  Coordinate  systems  for  a  composite  laminate 

At  each  point  P  of  the  macro-body  ®  we  introduce  a  set  of  convected  coordinates  0*  (i  = 
1,2,3).  Also,  at  each  point  P*  on  the  lower  surface  of  the  shell-like  micro-stmcture  which  coin¬ 
cides  with  P  we  introduce  another  set  of  convected  coordinates  T|*  (i  =  1,2,3).  We  assume  the 
transformation  from  6“  to  "n®  exists,  i.e,, 

e«  =  e«(Ti3)  =  0«(Tii,Ti2)  (3.1) 

and 

det(  ^  ^  (3-2) 

This  implies  the  existence  of  a  unique  inverse  for  the  above  transformation.  However,  for  T|^  we 
assume  that  it  can  vary  independent  of  6^  and  that  the  range  of  variation  of  T|^  is  0  < 
at  each  point  of  the  composite.  This  assumption  adds  an  extra  dimension  to  our  classical  three 
dimensional  space.  At  this  point  we  make  the  additional  assumption  that 


Tl«  =  0a  (a  =1,2) 


(3.3) 


^2  =  £0^  ,  e  <  1 

The  first  of  the  above  assumptions  is  for  convenience  (not  necessary)  while  the  second  one  is 
needed  since  the  thickness  of  a  representative  element  (micro-structure)  is  considered  to  be 
much  smaller  than  the  dimension(s)  of  the  composite  laminate  (macro-structure).  As  before,  for 
convenience  we  set  ^  and  adopt  the  notation  For  the  sake  of  clarity  we  note 

that  the  covariant  and  the  contravariant  base  vectors  in  the  coordinate  system  Tj*  (i  =  1,2,3)  are 
denoted  by  g*  and  g*^  respectively.  In  this  connection  we  recall  the  formulae 

.  gij=gr-^*  .  g*  =  det(gi*)  ,  g*i«  =  [grg2*g3]>0  , 

(3.4) 

g*‘  =  g*V  ,  g*'-g*j  =  g*y  .  g*>-^*  =  6ij 

where  p*  =  p*(Tl‘)  is  a  position  vector  in  Ti*  coordinate  system.  The  covariant  and  the  contravari¬ 
ant  base  vectors  in  the  coordinate  system  0‘  (i  =  1,2,3)  are  denoted  by  gi  and  g*,  respectively. 
The  duals  of  (3.4)  in  9'  (i  =  1,2,3)  coordinate  system  are  given  by 


gi=-^  ’  Sy  =  8i-gj  .  g  =  det(gij)  ,  g^/2=[gig2g3l’‘0 

g‘  =  g‘jgj  >  g'-g^  =  gy  .  g‘-gj  =  5‘j 
where  r  =  r(0‘)  is  a  position  vector  in  0*  coordinate  system. 


3.2.  Definition  of  a  shell-like  representative  element  (micro-structure) 


Within  the  context  of  three-dimensional  classical  continuum  mechanics,  consider  a  body 
®  *  in  the  present  configuration  and  let  its  boundary  be  a  closed  surface,  denoted  by  9®  *,  and  be 
composed  of  the  following  material  surfaces^; 

^  Most  of  the  literature  dealing  with  shell-like  bodies  choose  a  reference  surface  between  the 
top  and  the  bottom  faces  of  the  shell-like  body.  Here  it  seems  more  convenient  to  choose  the  bot¬ 
tom  surface  as  our  reference  surface.  The  importance  of  choosing  the  top  (or  bottom)  surface  as  a 
reference  surface  was  brought  up  in  a  different  context  by  Naghdi  [1975]  in  relation  to  contact 
problems  of  shells. 


a)  The  material  surfaces 


So-  4  =  0 

0<42  (3.6) 

^2:  4  =  42(t1“) 

b)  The  material  surface 


sr-  f(Tl“)  =  0  (3.7) 

such  that  4  =  const  are  closed  smooth  curves  on  the  surface  (3.7).  We  also  consider  a 
material  surface  of  the  form 


4  =  4i(t1“)  0<^i<^2  (3.8) 

lying  entirely  between  and  S2.  From  now  on  we  will  refer  to  surfaces  defined  above  as 

follows. 

a)  So  :  bottom  face  (lower  major  surface)  of  the  micro-structure. 

b)  Si :  interface  (middle  major  surface)  of  the  micro-structure. 

c)  ^2 ;  top  face  (upper  major  surface)  of  the  micro-structure. 

d)  Si :  lateral  (major)  surface  or  normal  surface  of  the  micro-structure. 

We  recall  that  since  T]'  =  are  defined  as  convected  coordinates,  the  material  surfaces 

(3.6)  and  (3.7)  will  have  the  same  parametric  representation  in  all  configurations.  In  general 
and  are  functions  of  the  surface  coordinate  but  in  special  cases  they  may  be  constants.  We 
assume  the  surfaces  Sq,  Si  and  do  not  intersect  themselves,  or  each  other.  This  implies  the 
condition  (3.8)2  and  g*  ^  0.  The  surface  Si  is  not  necessarily  midway  between  the  bounding  sur¬ 
faces  So  and  Si-  Such  a  three  dimensional  body  (B  *  as  characterized  above  and  depicted  in  figure 
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2,  is  called  a  shell-like  representative  element  or  a  shell-like  micro-structure  if  the  dimension  of 
the  body  along  the  normals  to  the  surface  Sq,  called  the  fieigfit  of  the  micro-structure,  is  much 
smaller  in  comparison  to  its  other  two  dimensions  or  a  characteristic  length  of  the  surface  Sq. 

Considering  our  description  of  the  body  ®  *,  we  may  note  that  (B*  consists  of  two  distinct 
parts  (Bf  and  as  defined  below. 

a)  Part  (Bi,  a  shell-like  body  bounded  by  the  major  surfaces  Sq  and  and  by  a  lateral  sur¬ 
face  Sl^  which  is  the  portion  of  the  surface  Si  bounded  by  its  intersections  with  Sq  and 

51. 

b)  Part  'B2,  a  shell-like  body  bounded  by  the  major  surfaces  and  and  by  a  lateral  sur¬ 
face  i/j  which  is  the  portion  of  the  surface  Si  bounded  by  its  intersections  with  and 

52. 


In  view  of  (a)  and  (b)  above,  we  have 


^B*  =  (Bf  u  B2 


(3.9) 


Si  =  S,^USi^ 

We  assume  that  ^Bf  and  (B2  consist  of  two  different  materials  which  are  perfectly  bonded  at  their 
interface  surface,  namely  the  surface  5i :  ^  =  ^1.  We  will  designate  the  physical  quantities  asso¬ 
ciated  with  !Bf  and  with  subscripts  1  and  2,  respectively.  For  example,  the  mass  densities  of 
and  (B2  will  be  designated  by  p*  and  p2,  respectively.  It  is  clear  that  the  physical  quantities 
associated  with  the  body  (B*  may  have  a  jump  across  the  surface  :  ^  =  ^1. 


Let  p*(Tl“,^,t)  and  Po(Tl“,4)  be  the  mass  densities  of  (B*  in  the  deformed  and  reference 
configurations,  respectively.  Then  the  conservation  of  mass  (in  three  dimensions)  implies 


Pag*'^  =  p;xG*>«  (a  =1,2) 


(3.10) 
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We  define  the  micro-structure  mass  density,  per  unit  area  of  So,  at  time  t  in  the  present 
configuration  by  the  expression 


Jai/2  =  f^pYi/2d^ 

*  o 

p  =  p(Tl“  t) 


(3.11) 


where  p  denotes  the  mass  density  and  a  is  det(aap)  of  the  surface  In  view  of  our  description 
of  the  body  *,  we  have 


p  aW  =  p-  g'w  p,  g'ln  f  p?  g’>«  d4  (3.12) 

j  o  *  o 

Since  the  quantities  pf  and  p2  are  independent  of  time,  it  follows  that  p  a*/^  is  also 
independent  of  time,  although  both  p  and  a  may  depend  on  t.  The  total  mass  of  an  arbitrary  part 
(P*  of  the  body  (B*  (composed  of  pans  if  and  of  (Bi  and  (Bi,  respectively)  bounded  by  the 
surface  (3.6)i,2  and  a  surface  of  the  form  (3.7)  may  be  expressed  by 


iW*  =  ^  p*dxf  =  /-  J-  /  o  P*  8**^  dq^ 


(3.13a) 


or 


=  fWT  +  =  f .  f-  pai/2dqMq2=f  pdd  (3.13b) 


where 


3xr=[-  f-  f^'prg‘'«dii‘dii2d^ 

■'Til  O 

/■  f^P2g‘''2<in'<in2d5 

•’Til  •'Tig-'  O 


(3.14) 


where  T  denotes  an  arbitrary  part  of  the  surface  5o  •  ^  =  (^  which  corresponds  to  fP*  and  qi,  q2 
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denote  the  applicable  ranges  of  integration  for  the  coordinates  T]*  and  r\^,  respectively, 
obtaining  (3.13b)  we  have  made  use  of  (3.12)  and  the  following  formula: 

di^  =  (gi  X  g2)  •  g3*  driMri^d^  =  g^^/^driidTi^d^ 

dd  =  (ai  X  32)  •  33  driMri^  =  driMri^ 

For  later  use  we  define  the  following  quantities 

pai/2  =  l  =  J^X*d^  .  = 

and 

pal/2ya  =  ^ya  =  j  ^  X*^“d4  ,  (a  =  1 ,2) 

In  view  of  (3.12),  we  may  rewrite  (3.17)  as 

pai/2  =  Xs=Xi  +  X2 

where 

x,=j^rd5=|^P2-g*'«d5 

Also,  expression  (3.18)  may  be  rewritten 

pal/2ya  _  ^  yO  _  +  ^^y® 


Also,  in 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 


where 
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(3.22) 

i2y“=J^r4“d?=J^p2g'''^“<i5 

This  completes  our  description  of  a  shell-like  micro-structure  (representative  element),  namely  a 
three  dimensional  body  ®  *  composed  of  two  shell-like  bodies  (Bf  and  such  that 

where  (B*  is  bounded  by  the  surfaces  (3.6)i^  and  (3.7),  ^  is  bounded  by  the  surfaces  (3.6)i, 
(3.8)  and  (3.7),  is  bounded  by  the  surfaces  (3.8),  (3.6)2  and  (3.7).  We  assume  and  (BJ  are 
perfectly  bonded  together  at  the  surface  (3.8). 

We  will  refer  to  the  duals  of  the  surface  4,^1,.^  in  the  reference  configuration  by 
respectively.  We  also  note  that  the  duals  of  (3.11)  and  (3.12)  in  the  reference  configuration  are 
as  follows: 

PoAi/2=r^p*G*i/2d^  (3.23) 

^  O 

and  we  have 

PoAi/2  =  pai/2  (3.24) 

Also, 

p„  A'«  =  J  ^  p„*  G->«  =  J  ^p;,  C’'«  p„-2  G*'«  di  (3.25) 

and  we  have 

Pol  A’^  =  pi  a}^  ,  Po2  A^^  =  P2  (3.26) 


in  view  of  (3. 10). 
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4.  Kinematics  of  micro-  and  macro-structures 

We  begin  our  development  of  the  kinematical  results  by  assuming  that  the  position  vector 
of  a  particle  P*  of  a  thin  representative  element  (micro-structure),  i.e.,  p*(‘n“  ^,0^,t)  in  the  present 
configuration  has  the  form 

p*  =  r(Ti“  03,0  +  ^d(Ti“  03.0  (4.1) 

The  above  is  a  special  assumption  which  is  regarded  to  be  valid  for  thin  shells^.  The  dual  of 
(4.1)  in  a  reference  configuration  is  given  by 

P*  =  R*(ti“03)  +  4D(ti“03)  (4.2) 

If  the  reference  configuration  is  taken  to  be  the  initial  configuration  at  time  t  =  0, 

p*(Ti“,t0^O)  =  r(Ti“,e3,0)  +  ^d(Ti«  03,0)  =  R(ti“  03)  +  p(Tl“  03)  =  P(n“.t0^)  (4.3) 

The  velocity  vector  v*  of  the  three-dimensional  shell-like  micro-structure  at  time  t  is  given  by 

v*  =  P*(Ti“.4.0^t)  (4.4) 

where  a  superposed  dot  denotes  the  material  time  derivative,  holding  and  0*  fixed.  From  (4.1) 
and  (4.4)  we  obtain 


where 


v*  =  V  + 


v=r , w=d 


^  In  a  more  general  approach,  we  may  begin  the  kinematical  development  by  assuming  that 
p(T)°‘,4,t)  is  an  analytical  function  of  ^  in  the  region  0  <  ^  <  ^2  and  can  be  represented  as 
[Naghdi,  1972,  section  7] 


p*  =  r(Tl«,03,t)  +  dN(0«,03,t) 


This  generality  is  not  needed  for  our  present  purposes  and  we  therefore  adhere  to  the  assumption 
(6.1). 


(4.5) 


(4.6) 
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From  (4.1)  and  (2.7)  we  have 

gi  =  a<.  +  4^  ,  gj  =  d  (4.7) 

where  are  the  surface  base  vector  of  the  surface  Sq.  The  base  vectors  gi*(Tl“4,0^,t)  in  (4.7) 
when  evaluated  on  the  surface  si, :  ^  =  0  reduce  to 


g^(Ti7,0,e3,t)  =  ao(T]7.e3,t) 
g3(TlW^t)  =  d(TlY,03,t) 

where  g  *  satisfy  the  condition 


(4.8) 


[grg2g3]>0  (4.9) 

This  restriction  holds  for  all  time  and  values  of  tj*  =  {ti“4)  0^-  particular,  it  is  valid  for 

^  =  0  so  that  by  (4.9)  we  also  have 


[aiaidjTtO  (4.10) 

this  condition  implies  that  the  director  d  cannot  be  tangent  to  the  surface  Sq-  In  addition,  we 
have 

and 

[gig2g3l>0  (4.12) 

From  (4.1),  (4.3)  and  (4.1 1),  it  is  clear  that 

ga  =  aa  (4.13) 
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We  recall  that  the  director  d  is  a  three-dimensional  vector  and  it  can  be  written  as 


d  =  dig>  =  d'gi  ,  di  =  gi-d  ,  d»  =  g^  (4.14) 

where  dj  and  d*  denote  the  covariant  and  contravariant  components  of  d  referred  to  g*  and  gi, 
respectively.  The  gradient  of  the  director  d  with  respect  to  6*  may  be  obtained  as  follows: 


d  i  =  (djgj).i  =  di.igj  +  digj.i  =  di.igj  +  di{i  j}gk  =  digjdjngj  (4.15) 

where  {  }  stands  for  the  Christoffel  symbol  of  the  second  kind  and  a  vertical  bar  (  I  )  denotes 
covariant  differentiation  with  respect  to  gij.  For  convenience  we  introduce  the  notations 


^j  =  8i<lo  =  ‘*|lj 
Xij  =  gidj  =  di|j 

From  (4.16)  it  is  clear  that 


(4.16) 


di  =  ^jigj  =  Mgj  »  ^‘j  =  g*^kj  (4.17) 

Consider  now  the  velocity  vector  v  which  can  be  written  in  the  form 


v  =  v‘gi  =  Vig‘  ,  Vi  =  gi-v  ,  v*  =  gyvj  (4.18) 

Since  the  coordinates  0'  are  convected,  it  follows  that 


Vi  =  V|i  =  gi  (4.19) 

Following  the  same  procedure  used  in  (4.15),  we  can  reduce  (4.10)  to 

v,i  =  (vjgj).i  =  vJ.igj  +  vjgj.i  =  vj,igj  +U^  j}vjgk  =  vi  ligj  (4.20) 


We  now  introduce  the  notations 
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Vij  =  gi-Vj  =  Vi|j 
V*j  =  g*-V.j  =  vi,j 

From  (4.21)  it  is  clear  that 


(4.21) 


V  i  =  Vjigj  =  vijgj  ,  v'j  =  g*Vkij  (4.22) 

We  observe  that  both  Xjj  and  Vy  represent  the  covariant  derivative  of  vector  components  and 
hence  transform  as  components  of  second  order  covariant  tensors. 

Since  Vy  is  a  second  order  covariant  tensor,  we  may  decompose  it  into  its  symmetric  and  its 
skew-symmetric  pans,  i.e.. 


Vij  =  V(y)  +  V(y]  =  'ny  +  tOjj  (4.23) 

where 

T|ij  =  V{ij)=Y(Vy  +  Vji)  ,  tOij  =  vjy]  =  ^(Vy-Vji)  (4.24) 

represent  the  symmetric  and  the  skew- symmetric  pans  of  Vy,  respectively.  From  (4.24),  after 
making  use  of  (4.21)  and  (4.23),  we  have 

Tlij  =  y  (Vij  +  Vji)  =  y  (gi  •  gj  +  gj  •  gi)  =  y  (gi  •  gj)  =  y  gij  =  "nji  (4.25) 

and 

=  y  (Vij  -  Vji)  =  y  (gi  •  gj  -  gj  •  gi)  =  -cOji  (4.26) 

Also,  in  view  of  (4.20)  and  (4.24),  we  may  express  gi  in  the  form 

gi  =  v.i  =  (Tiki  +  tOkilg*"  (4.27) 

Moreover,  the  time  rate  of  change  of  the  determinant  of  gy,  i.e.,  g  is  obtained  as  follows 
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g  =  det(gij)  =  (det(gkj))gki  =  gg^gy  (4.28) 

Also,  by  making  use  of  the  relation  g'jgifj  =  5*j,  we  obtain  an  expression  for  g'J 

gij  =  _gikgj/gk^  (4.29) 

Next,  we  obtain  an  expression  for  the  director  velocity  w.  Thus,  we  write 

w  =  d  =  wvg*^  =  w‘^k  =  (dig*)  =  dkg’"  +  d*(0)iu  -  Tiki)g*'  (4.30) 

where  in  obtaining  (4.30)  we  have  made  use  of  (4.27)  and  (4.29).  The  gradient  of  the  director 
velocity  is  obtained  in  a  similar  manner: 

w.i  =  d.i  =  (dkg‘').i  =  (Xkig*')  =  Xkig'^  +  Xji(tDkj  -  Tlkj)g‘'  (4.3 1 ) 

The  dual  of  expressions  (4.7)  to  (4.17)  in  the  reference  configuration  follows  from  (4.2)  in  a 
similar  manner  and  is  given  by; 


G*  =  A„  +  ^D.„  ,  G*  =  D  (4.32) 

G^(Tl7,0,e3)  =  Aa(TlTf,e3,t) 

(4.33) 

G3*(TlT,O,03)  =  D(TlY,03,t) 

where  G*,  D  satisfy  the  conditions 

[GfGaGll^^O  (4.34) 

and 

[GrG2D]^0  (4.35) 


In  addition,  we  have 


Gi  = 


dR 

30* 


(4.36) 
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(4.37) 

(4.38) 

(4.39) 

(4.40) 

(4.41) 

(4.42) 


Yi  =  di-Di  (4.43) 

Making  use  of  (4.7),  (4.14),  (4.18),  (4.32),  and  (4.39)  we  may  obtain 

Yap  =  Y^  ”  Yap  “  Y  ^(  +  Y  ^^(^*a^P  ~  ^‘a^ip) 

Y^  =  Y3a  =  y  { Ya  +  ^(d%a  -  D^Aia))  (4.44) 

Y33  =  y  (d  •  d  -  D  •  D)  =  -^  (d^dj  -  D^Di) 
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5.  Superposed  rigid  body  motion 

We  recall  that  when  the  motion  of  the  body  *  differs  from  the  given  motion  by  a  rigid 
motion,  the  position  vector  p+  has  the  form 


=  p*-^(Tli,t')  =  p*+(t')  +  Q(t)[p*(Tii.t)  -  p*(t)]  (5.1) 

where  Q(t)  is  a  proper  orthogonal  tensor  function  of  time.  Also,  under  superposed  rigid  body 
motions,  the  position  vector  r  of  the  surface  of  (B*  changes  to 

r"  =  i^(0'.t')  =  ro^(t')  +  Q(t)[r(ii“,t)  -  ro(t)]  (5.2) 

with  the  help  of  (5.1)  and  (5.2)  we  deduce  that  the  vector  function  d'*'('n“,t)  must  transform 
according  to 


d+(Ti“,t)  =  Q(t)d(Ti“,t)  (5.3) 

under  superposed  rigid  body  motion.  It  is  easily  seen  from  (5.3)  that  the  magnitude  of  d(T|“,t) 
under  superposed  rigid  body  motions  remains  unchanged: 

d^  •  d^  =  (Qd)  •  (Q  •  d)  =  QTQd  •  d  =  d  •  d  (5.4) 

since  for  a  proper  orthogonal  tensor  Q  we  have 


QQT  =  qTq  =  i  ,  det(Q)=l 


(5.5) 
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6.  Stress-resultants,  stress-couples  and  other  definitions  for  micro-structure 

Consider  a  shell-like  three-dimensional  micro-structure  (B*  bounded  by  a  closed  surface 
d*B*,  as  specified  in  section  3.2,  which  consists  of  the  material  surfaces  (3.6)  and  a  normal 
(lateral)  material  surface  of  the  form  (3.7)  such  that  4  =  const  are  closed  smooth  curves  on  the 
surface  (3.7).  Let  5i  be  a  material  surface  of  the  form  (3.8)  lying  entirely  between  and  Si. 
Moreover,  let  (B*  be  composed  of  two  shell-like  bodies  ^Bf  and  ‘Si  with  their  lateral  surfaces 
0^Bi*  and  9®?,  respectively,  as  specified  in  section  1 1. 

Consider  an  arbitrary  part  of  the  material  surface  5o  •  ^  =  0  in  the  present  configuration  and 

A 

let  it  be  denoted  by  S.  Also,  let  S*,  with  boundary  9®*,  refer  to  an  arbitrary  part  of  Jie  shell¬ 
like  body  ®*  in  the  present  configuration  such  that: 

a)  contains  ®  ; 

b)  9®*  consists  of  portions  of  the  surfaces  (3.6)i,2  and  a  surface  of  the  form  (3.7)  at  time 
t; 

c)  9®  coincides  with  9®  on  the  surface  :  ^  =  0. 

Moreover,  let  9if  refer  to  the  part  of  9®*  specified  by  a  lateral  surface  of  the  form  (3.7)  such 
that 


9?Jf  =  9!P*  =  9fP  on  =  0  (6.1) 

Since  ®*  is  composed  of  two  shell-like  bodies  ®i*  and  ®2  separated  by  the  surface 
:  ^  =  ^1,  the  part  is  also  composed  of  two  parts  and  2^  with  their  corresponding  boun¬ 
daries  9^Pf  and  92^,  respectively. 

A  A 

Let  the  boundary  92*  of  S,  in  the  present  configuration  be  denoted  by  a  closed  curve  c  and 

A 

defined  by  the  position  vector  r  on  9®.  Let 
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T1“  =  T1“(S)  (6.2) 

be  the  parametric  equations  of  the  curve  c,  with  5  as  the  arc  parameter.  Further,  let  X  and  v 
denote  the  unit  tangent  vector  and  the  outward  unit  normal  to  c  lying  in  the  surface  :  ^  =  0. 
Then  we  have 


(6.3) 

V  =  X  X  33  =  V%x  =  Vaa“  =  e“^aap 

(6.4) 

X  =  33  X  V  =  33  X  Vaa“  =  £“PVaap 

(6.5) 

where  Eap,  e“P  are  the  e-symbols  in  two-dimensional  space; 

Cap  =  Caps  =  a'/^eap  ,  gctp  =  _  a-i/2eap 

o 

II 

t> 

II 

"w 

O 

II 

V 

II 

4> 

(6.6) 

ei2  =  -  e2i  =  1  ,  e^^  =  -  e2i  =  1 

We  also  recall  that  the  elements  of  area  on  the  surfaces 

o 

II 

(6.7) 

^  =  ^2(31“)  =  constant 

are  given  by 

da  =  (g*g*^^)'^d‘nM‘n^  for  ^2  =  const. 

(6.8) 

Moreover,  the  element  of  area  on  the  lateral  surface  is 

da=  (n*Mq2  -  n*^d'n*)g*^/2d^ 

(6.9) 

where  n  *  are  the  components  of  the  outward  unit  normal  to  the  lateral  surface. 
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Let  N  =  N(il“,t;v)  and  M  =  M(Tl“,t;v)  be,  respectively,  the  nsidtant  font  and  restdtant  ampU 
vectors,  each  per  unit  length  of  a  curve  c  in  the  present  configuration.  We  define  these  resultants 
as  follows: 


f  .  N  ds  =  f  t*  da  ,  f  ,  M  ds  =  f.  .  t*  ^  da 

(6.10) 

We  also  define  additional  resultants 

Na  a‘/2  =  J  ^  T*“d^  =  J  T*“d^  +  T*“d4 

(6.11) 

M“  =  J ^ T*“^ =  T*“d4  +  T*“d^ 

(6.12) 

m  ai/2  =  j  ^  T*3  d^  =  J  T*3  d^  +  T*3  d^ 

(6.13) 

Then  it  can  be  shown  that 

N  =  N“Va  ,  M  =  M“Va 

(6.14) 

and 

N(v)  =  -N(-v)  ,  M(v)  =  -M(-v) 

(6.15) 

We  also  define  two-dimensional  (micro-structural)  body  forces,  i.e., 

p  f  ain  =  /  ^  p*  b‘  g*>«  +  r  +  rr‘  g'>'2(g'»)>«)|^„  (6.16) 

p  i  a>«  =  /  y  b‘  g*>«  4  d4  +  r  (gV”)‘'HJw.  +  tr‘(gV”)''^)5=o  (6.17) 

where  T*  is  the  value  of  t  on  the  boundary  of  *B*  (micro-structure).  Making  use  of  (8.16), 
(6.16)  and  (6.17),  we  obtain 

p  f  aW  =  J ^  p*  b*  g*J/2  =  J  o  P*  +  tT*3]^=42  -  rr*3]^=o  (6. 18) 
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and 

p  i  ai«  =  J  ^  p*  b'  g‘>n  ^  ^  =  J  ^  p'b*g*'«  5  d4  +  [f3  -  |T*3a5=0  (6.19) 

where  in  obtaining  the  above  formulae  we  have  assumed  ^2^4  =  ^2(^1“)  to  be  constant.  Also  in 
obtaining  (6.18)  and  (6.19)  we  have  used 

n*  =  (g*^^)"^^[0,0,-g*^]  on  the  surface  jj, :  ^  =  0 

(6.20) 

n*  =  (g*^^)”'/2  [0,0,+g*^]  on  the  surface  ^2  •  ^  =  ^2('n“) 

for  the  outward  unit  normal  to  the  surfaces  Sq  and  s^.  We  also  define  a  specific  internal  energy 
for  the  representative  element  (microstructure)  by 

pai/2^  =  j  ^  p*g*i/2eX  =  J  P*g*^/%*d^  (6.21) 
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7.  Basic  field  equations  for  a  shell-like  representative  element  (micro-structure) 


We  now  proceed  to  derive  basic  field  equations  of  motion  for  a  shell-like  representative 
element  (micro-structure)  as  defined  in  subsection  3.2.  To  this  end  we  make  use  of  the  various 
resultants  defined  in  section  6  and  procedures  described  in  [Naghdi,1972]^  Recall  the  three- 
dimensional  equations  of  motion  in  classical  continuum  mechanics,  namely  (2.22)i,2  and  (2.24)i. 
The  derivation  is  effected  by 

i)  integration  of  each  term  in  (2.22)i  2  and  (2.24)i  with  respect  to  ^  between  ^  =  0  and  ^  =  ^2. 
and 

ii)  integration  after  multiplication  by  ^  of  each  term  in  (2.22)  with  respect  to  %  between  ^  =  0 
and  4  =  42- 

Following  this  procedure  and  making  use  of  (3.17),  (3.18),  (4.1),  (4.5)  and  relevant  definition  of 
section  6,  we  obtain 

a  :  p  +  =  0 


b:  N“ia  +  pf=p(v  +  y*w) 

c;  M“ia-m-«-pl  =  p(y^v  +  y2w) 
d  :  aa  X  N“  +  d  X  m  +  d^a  X  M“  =  0 


(7.1) 


e : 


p(e)  =  N“ 


v  a  +  M“  •  Yfa  +  m 


w  =  P 


'  Here,  we  do  not  elaborate  on  the  details  of  the  derivation  and  only  recwd  the  results.  The  de 
tail  of  derivations  parallel  that  of  [Naghdi  1972]. 
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where 


P  =  N“  •  v,a  +  M  “  •  w,a  +  m  *  w  (7.2) 

is  the  mechanical  power  of  the  micro- structure  (representative  element).  These  field  equations 
are  in  their  local  forms.  The  global  form  of  these  equations  will  be  derived  and  discussed  in  the 
next  section. 

Before  closing  this  section  we  proceed  to  discuss  the  continuity  of  stress  at  the  interface  of 
the  matrix  and  reinforcement.  To  this  end  we  recall  the  jump  conditions  in  classical  continuum 
mechanics,  i.e.,  (2.44).  In  particular  we  consider  (2.44)2  since  the  surface  of 

discontinuity  is  a  material  surface  and  we  have  v*  =  u*.  Hence  we  obtain 

w*  =  0  (7.3) 

and  equation  (2.44)2  reduces  to 

[tl=0  (7.4) 

This  shows  that  at  a  material  surface  of  two  media  the  stress  vector  is  continuous.  Since  this  / 
result  holds  for  any  material  surface  of  two  media,  we  can  conclude  that  within  the  shell-like 
body  ‘B *  and  at  the  surface  :  ^  =  ^i,  the  stress  vector  is  continuous. 

To  ensure  the  continuity  of  displacement  across  the  interface  we  must  require  for  the  direc¬ 
tor  to  be  continuous  across  the  interface.  However,  at  this  point,  to  keep  the  formulation  general, 
we  do  not  impose  such  a  condition.  This  is  in  anticipation  that  in  some  cases  (such  as  delamina¬ 
tion,  micro-buckling),  it  may  be  appropriate  to  admit  jump  for  director. 
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8.  Conservation  laws  for  a  shell-Iike  representative  element  (micro-structure) 

This  section  is  concerned  with  the  derivation  of  the  global  field  equations  (conservation 
laws)  for  our  shell-like  representative  element  (micro-structure).  The  derivation  is  accomplished 
by  integrating  the  basic  field  equations,  derived  in  section  7,  over  an  appropriate  region  of  two 
dimensional  space  covered  by  coordinates.  To  this  end  we  consider  an  arbitraiy  part  fPof 

A 

the  materials  surface  ^  ^  =  0  in  the  present  configuration  and  let  d?  be  the  boundary  (curve)  of 
iP.  The  basic  field  equations  (in  local  form)  for  the  part  (Pwere  derived  in  section  7.  We  recall 
the  following  results: 

j = (■!-)■« 

a  =  det(a<,p)  =  [det(a<.p]axy=  aa“Pa„p  =  2atig  (8.1) 

We  now  integrate  both  sides  of  (7.1)a  with  respect  to  q^q^  and  make  use  of  (8.1)23 
obtain 

^/.a>«^d  =  0  (8.2) 

where  da  is  the  element  of  area  of  the  shell-like  micro  structure.  This  is  the  conservation  of 

A 

mass  for  an  arbitrary  part  !Pof  our  shell-like  micro-structure. 

Next  we  consider  (7.1)b  and  integrate  with  respect  to  q'  and  q^  to  obtain 

J^p(v  +  y*w)dd  =  |^pfdd  + j^Nd5  (8.3) 

where  in  obtaining  (8.3)  we  have  used  (6.14)  and  Stokes’  theorem.  Equation  (8.3)  is  the  conser¬ 
vation  of  linear  momentum  for  an  arbitrary  part  of  the  shell-like  micro- structure.  Following  the 
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same  procedure  we  consider  (7.1)c  and  integrate  with  respect  to  and  obtain 

f .  ( [p(y*v  +  y^w]  +  Ti5[p(y^v  +  y^w)]  }dd  =  f ,  (pi  -  m)d(i  +  f  ,  Md?  (8.4) 

•'!P 

where  we  have  made  use  of  (6.14)2.  Equation  (8.4)  is  the  conservation  of  director  momentum 
for  an  arbitrary  part  of  the  shell-like  micro-structure. 

We  now  consider  (7.1)b,  (7.1)c,  (7.1)^  and  write 

pa'/2[r  X  (v  +  y^w)]  =  r  x  (N“a^^),a  +  pr  x  fa^^^ 

pa^^  [d  X  (yiv  +  y^w)]  =  d  x  (M“a*^Xo  -  d  x  ma^^^  +  pd  x  ia^/^  (g  5) 

0  =  a^^(aa  X  N“)  +  a^^d  x  m)  +  a^^(d,a  x  M“) 

Adding  (8.5)i,2,3,  we  obtain 

p  X  (v  +  y^w)]  +  p  X  (y*v  +  y^w)]  = 

(a^/^r  X  N“),„  +  p  a^/^r  x  f  +  (a^/^d  x  M“),a  +  p  a^^^d  x  I  (8.6) 

Integrating  (8.6)  with  respect  to  tlX  Tj^  and  making  use  of  (8.6)i,2  (6.4)i  2  and  Stokes’  theorem, 
we  obtain 

J^p{rx  (v  X  y^w)  +  d  X  (yW  +  y^w)}dtf  = 

f .  p(r  X  f  +  d X  i)dd+  f  , (r  x N  +  d  x M)dd  (8.7) 

This  is  the  conservation  of  moment  of  momentum  of  the  shell-like  micro-structure. 

Finally  we  consider  (7.1)b,  (7.1)c  and  form  their  scalar  products  with  v  and  w  respectively 
and  add  the  resulting  equations  to  the  product  of  (7.1)e  with  a*^  to  obtain 
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p  (e)  +  p  •  v  +  y  W  •  w  +  y^v  •  w  +  y^w  •  w)  = 

p  a^^(f  •  V  +  i  •  w)  + 

(ai/2N“  •  v).a  +  (ai/2M“  •  w).a  (8.8) 

Integrating  (8.8)  with  respect  to  making  use  of  Stokes’  theorem,  and  (8.1),  (7.1),  we 

obtain 


J^p(e  +  =  J^P(^  V  +  i  •  w)d<£+  j^(N“  •  v  +  M“  •  w)dr  (8.9) 

where  in  obtaining  (8.9)  we  have  used  the  fact  that 


y  (v  •  v  + 2y^v  •  w  +  y^w- w)  (8.10) 

Equation  (8.9)  is  the  conservation  of  energy  for  the  shell-like  micro-structure.  We  also  define 
the  momentum  corresponding  to  the  velocity  v  and  the  director  momentum  corresponding  to  w 
by 


P  -^  =  P(v  +  yM 
p-^  =  P(y*v-i-y2w) 


(8.11) 


A 

For  convenience,  we  record  below  the  conservation  laws  for  an  arbitrary  part  fP  bounded  by 


3fPof  the  micro-structure 
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c  :  j^p(yW  +  y2w)dfl  =  J^(pl-in)d<J  + 

(8.12) 

d:  J^p{rx(v-»-ylw)  +  dx(yW  +  y2w))dd  = 

f ,  p(r  X  f  -t-  d  X  l)dd+  f,  (r  xN  +  d  xM)d5 

^  (P  * 

e  :  j^p(e+ !^dd  =  J^p(f  v-»-i-w)dd  +  J^^(N“*  v  +  M“- w)d^ 

The  first  of  (8.12)  is  a  mathematical  statement  of  the  conservation  of  mass,  the  second  that  of  the 
linear  momentum,  the  third  is  the  conservation  of  the  director  momentum,  the  fourth  that  of  the 
moment  of  momentum,  and  the  fifth  is  the  conservation  of  energy.  The  various  quantities 
appearing  in  (8.12)  have  been  defined  in  the  previous  sections  and  in  what  follows  we  will  make 
reference  to  these  definitions  when  the  need  arises. 
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9.  Conservation  laws  for  composite  laminates 

In  this  section  we  derive  various  conservation  laws  of  a  composite  laminate  from  the 
corresponding  conservation  laws  of  a  shell-like  micro-structure  derived  in  section  8.  We  recall 
that  the  composite  laminate  is  assumed  to  consist  of  infinitely  many  micro-structures.  This 
assumption  is  justified  by  physical  considerations  since  the  thickness  of  each  ply  is  small  in 
comparison  with  the  thickness  of  the  laminate  itself. 

Consider  an  arbitrary  part  (Pof  the  composite  laminate  in  the  present  configuration  and  let  it 
be  bounded  by  a  closed  surface  ^^P.  In  view  of  the  choice  of  the  convected  curvilinear  coordi¬ 
nates  0‘  we  note  that  coordinate  9^  is,  roughly  speaking,  in  the  direction  of  the  lamination  stack 
up. 


Considering  the  conservation  of  mass  (8.12)a,  we  write 

^J.pda  =  0  =  I5_pa>«de>de2  =  0  (9.1) 

in  view  of  (3.3)i,  where  0  i,  0  2  are  appropriate  ranges  of  integration  within  the  region  Tof  the 
composite  laminate.  We  integrate  both  sides  of  (9.1)  with  respect  to  0^  to  obtain 

J-  { ^  J_  J_  p  a^/2  d9M02)d0^  =  const.  (9.2) 

where  0  3  is  the  appropriate  range  of  integration  within  the  region  !P.  Since  coordinates  0*  are 
convected,  and  since  the  quantity  pa*/^  is  independent  of  time,  we  obtain 

4-  L  f-  L  p  a>/2  d0M0W  =  0  (9.3) 

dt  Je, JejJe, ^ 

The  composite  element  of  volume  is 


dz/=  gJ/2  d0M02d0^ 


(9.4) 
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where  g  is  the  determinant  of  the  metric  of  the  space  covered  by  the  coordinates  0*,  0^,  0^.  We 
define  composite  assigned  mass  density,  p,  such  that 


pgi/2  =  pa>n  =  ;  ^  pV>«d5  =  PiV'«d4  +  P2V‘" 


P  =  post) 


(9.5) 


where  a  =  det  (a<xp)  and  g*  =  det(gij).  Substituting  (9.5)  into  (9.3)  and  making  use  of  (9.4),  we 
obtain 


^|^gi/2pdi;=0  (9.6) 

This  is  the  conservation  of  mass  of  the  composite  laminate.  From  (9.5)  it  is  clear  that  since  pa^^ 
is  independent  of  time,  it  follows  that  pg'^  is  also  independent  of  time,  although  both  p  and  g^^ 
may  depend  on  t.  ^ 

Next,  we  consider  the  conservation  of  the  linear  momentum  of  the  micro- structure  (8.12)b 
and  integrate  with  respect  to  0^  to  obtain 


J-  { p(v  +  yiw)da1d03  =  J_  {  j^p  fdd]dQ^  +  f.  {  Nd^)d03  +  const.  (9.7) 

We  require  that  in  the  absence  of  the  body  and  contact  forces  the  total  linear  momentum  of  the 
composite  laminate  must  remain  constant  at  all  times.  In  view  of  this  and  by  making  use  of 
~6 

In  this  section  we  will  need  to  perform  differentiation  with  respect  to  both  coordinate  systems  1)'  and  0‘  in  the 
same  expression.  For  the  sake  of  clarity  in  such  occasions  we  will  use  Iowct  case  letters  to  designate  differentiation 
with  respect  to  T|‘  coordinates  while  for  the  differentiation  with  respect  to  0'  coordinates  we  will  make  use  of  capital 
letters.  For  example,  T*\i  is  equal  to 

T*i.  _  ar’ 

■*  at]’  aq^  aq^  aq*  aq^ 

while  is  equivalent  to 

tA  -  I 

ae'  ae^  ae^ 

This  deviation  from  our  usual  notation  is  temporary  and  will  be  adopted  when  helps  to  clarify  the  derivation. 
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(6.18)  and  the  fact  that  0^  is  a  convected  coordinate  we  rewrite  the  above  as 

W  pVg*'/2d^ldr-»- J^''T*\id^}dz/  (9.8) 

where  a  comma  denotes  differentiation  with  respect  to  t]'  =  {7]“,^}.  Also,  in  obtaining  (9.8)  we 
have  made  use  of  (9.5)  and  the  Stokes’  theorem.  We  now  define  the  composiu  assigned  body  font 
density,  b  and  the  composiu  assigned  stress  vector  (acting  on  0*  =  const,  surface)  such  that 

pgi/2b=f^pVg*i/2d^  (9.9) 

O 

and^ 


TA^  =  T\i  =  J  T*\id^  (9. 1 0) 

Substituting  (9.9)  and  (9.10)  in  (9.8)  we  obtain 

j^p(v  +  y^w)dv=  j^pbdv+  (9.11) 

where  a  comma  now  denotes  differentiation  with  respect  to  0’  =  {0^  0^,0^}.  *  Making  use  of  the 
divergence  theorem  from  (9.1 1)  we  obtain 

p(v  +  y^w)dv=  pbdP+  g-^^T^n^da  (9. 12) 

where  n  =  n'gi  =  nj  •  g*  is  the  outward  unit  normal  to  the  boundary  surface  ^^P.  Definining^ 


t  =  g-i/^TAn^ 

as  the  composiu  assigned  stress  vector,  we  obtain 


(9.13) 
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This  is  the  conservation  of  the  linear  momentum  for  the  composite  laminate. 

We  now  consider  the  conservation  of  the  director  momentum  of  the  micro-structure,  (8.12)c 
and  integrate  with  respect  to  9^  to  obtain 

4,  +  {J^pidd)Qv:3-|_^{  J^mdd)de3 

+  f  .Mdyd03  + const  (9.15) 

We  require  that  in  the  absence  of  body  and  contact  forces  the  total  director  momentum  of  the 
composite  laminate  must  remain  constant  at  all  time.  Hence,  making  use  of  (6.19)  and  the  fact 
that  03  is  a  convected  coordinate  we  reduce  the  above  as  follows: 

+  J^pVg*»/2^d^}di/- j^g-1/2  {  J^T*3d^)di; 


(9.16) 

where  a  comma  refers  to  differentiation  with  respect  to  t]*  =  We  now  define  the  composiu 

assigned  body  coupCe,  C,  the  composiu  intrinsic  Erector  foru,  k,  and  the  composiu  assigned  coupCe  stress 

vector,  S‘  (acting  on  0'  =  const,  surface),  respectively,  by*® 

pg'«c=J^p‘b*g’in^d^ 

(9.17) 

gl/2k  =  ai^m  =  f  ^ 

(9.18) 

S%  =  J^(T**4).id^ 

(9.19) 

; 

Substituting  (9.ji7)  to  (9.19)  into  (9.16),  we  obtain 

/ 


_ 

See  footnote  #6. 

/ 
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+  y2w)dz;=  J^(pc  -  k)dv+ 

Making  use  of  the  divergence  theorem,  we  can  reduce  (9.20)  as  follows 


Jy  P(y^''  +  y^w)dv=  J^(pc  -  k)di'+  J^^g-^^S^nAda 

Defining 


s  =  g-‘^SAnA 


as  the  composite  coupU  traction,  we  obtain 


l^pCy'v  +  y2w)dr;=  J^(pc  -  k)dv+  j^^sda 
This  is  the  conservation  of  the  director  momentum  for  the  composite  laminate. 

Next  we  consider  the  conservation  of  moment  of  momentum  for  the 
(8.1  l)d  and  integrate  with  respect  to  0^ 

J_  J^P('’  (v  +  y^w)  +  d  X  (yiy  +  y2w)}dd  d0^  = 


J-  J^p(rxf+dxi)dod0^ 


L  f  .  (r  X  N  +  d  X  M)d.y  d0^  +  const. 


(9.20) 


(9.21) 


(9.22) 


(9.23) 


micro-stracture, 


(9.24) 


We  require  that  in  the  absence  of  body  and  contact  forces  the  angular  momentum  of  the  compo¬ 
site  laminate  must  remain  constant  at  all  times.  In  view  of  this  and  since  0^  is  a  convected  coor¬ 
dinate,  we  may  write 
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/yp{r  X  (v  -f-  y*w)  +  d  X  (y^v  +  y2w)}dr'= /^p(r  x  b  +  d  x  c)dv 

+  J^gri%xJ^rid^Xidr; 

+  g-’^(d  X  J  ^  T*i^d^).idt;  (9.25) 

where  a  conmia  denotes  differentiation  with  respect  to  "n*  =  Making  use  of  (9.10)  and 

(9.19)  we  can  rewrite  the  above  as: 

j^p{r  X  (v  +  y^w)  +  d  X  (yW  +  y2w)}dt;=  J^p(r  x  b  +  d  x  c)dv 

J^g^i/2(r  X  TA)^di; 

J^g-i/2(dxSA)^dt;  (9.26) 

where  a  comma  now  refers  to  differentiation  with  respect  to  0*  =  {8^02,0^}  coordinates.  Taking 
advantage  of  the  divergence  theorem,  (9.13)  and  (9.22),  we  may  reduce  (9.26)  to: 

j^p{r  X  (v  +  y^w)  -H  d  X  (yW  +  y2w))dt'= 

J^p(r  X  b  d  X  c)dr'+  J^^(r  x  t  -i-  d  x  s)da  (9.27) 

This  is  the  conservation  of  the  moment  of  momentum  for  the  composite  laminate. 

Finally,  we  consider  the  conservation  of  energy  for  the  micro-structure  (8.12)e.  We  recall 
that  in  the  context  of  purely  mechanical  theory  e  =  e(Ti“,t)  is  the  specific  internal  energy  while 
represents  the  kinetic  energy  of  the  micro-structure  in  the  present  configuration  and  is  given  by 
(8.10).  We  now  integrate  both  sides  of  (8.12)e  with  respect  to  0^  to  obtain 


-53- 


j_  ^  p(i  +  !^dde^  =  J_  P(r  V  +  i  •  w)dfld03  + 

f_  f  .  (N  •  V  +  M  •  w)ds303  +  const.  (9.28) 

jQj-'dT 

We  now  require  that  within  the  context  of  purely  mechanical  theory  and  in  the  absence  of  body 
and  contact  forces  the  total  energy  of  the  composite  laminate  must  remain  constant  at  all  times. 
In  view  of  this  and  since  0^  is  a  convected  coordinate,  we  may  write 

Left  hand  side  of  (9.28)  = f-  j-  (|^p*g*^^*d^  +  pg'^i^0M0^d0^  (9.29) 

where  in  obtaining  (9.29)  we  have  made  use  of  (7.1)  and  (9.5).  We  now  define  the  composiu 
assigned  strain  energy,  and  the  composite  assigned  ^netic  energy ,  I^C^oth  per  unit  mass  of  the  compo¬ 
site  such  that 


pg^^e  =  /^pV'^*d^ 

y  (v  •  V  +  2y*v  •  w  +  y^w  •  w) 


We  also  record  the  momentum  corresponding  to  the  director  velocity  w 


p-^  =  P(v  +  yM 


Substituting  (9.29)  and  (9.30)  into  (9.29),  we  obtain 


(9.29) 

(9.30) 


(9.31) 


Left  hand  side  of  (9.28)  =  ^  P(^  +  (9.32) 

Considering  the  right-hand  side  of  (9.28),  and  making  use  of  (9.9),  (9.10),  (9.19)  and  the  diver¬ 
gence  theorem,  we  obtain 
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Right  hand  side  of  (9.28)  =  |^p(b  •  v  +  c  •  w)dx/+  •  vda+  |^s  •  wda  (9.33) 

where  in  obtaining  (9.33)  we  have  also  made  use  of  (9.13)  and  (9.22).  From  (9.32)  and  (9.33) 
we  obtain 

p(e  +  dv=  p(b  •  v  -i-  c  •  w)dz/+  (t  •  v  +  5  •  w)da  (9.34) 

This  is  the  composite  conservation  of  energy  in  purely  mechanical  theory. 
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10.  Summary  of  basic  principles  for  composite  laminates 

Considering  the  development  in  the  previous  section,  we  are  now  in  a  position  to  state  the 
conservation  laws  (principles)  for  composite  laminates.  In  this  section  we  record  the  conserva¬ 
tion  laws  for  composite  laminates  and  also  collect  various  concepts/definitions  that  were  intro¬ 
duced  for  composite  laminates.  With  reference  to  the  present  configuration,  these  conservation 
laws  are  summarized  below: 

*’  •  y'w)dK=  b  ()»+ 

c  :  J^p(y^v-»-y2w)dz/=|^(pc-k)di'+J^^sda  (10.1) 

d  ;  /^  (*■  X  (v  +  y V)  +  d  x  (yW  +  y'^yf)]dv= 

J^p(r  X  b  +  d  X  c)dr'+  j^^(r  x  t  -(-  d  x  s)da 

e  :  j^p(e+ !?0dr'=  J^p(b  •  v +  c  •  w)di^+ j^^(t  •  v  +  s  •  w)da 

The  first  of  (10.1)  is  the  mathematical  statement  of  conservation  of  mass,  the  second  that  of 
linear  momentum  principle,  the  third  that  of  director  momentum,  the  fourth  is  the  principle  of 
moment  of  momentum,  and  the  fifth  represents  the  balance  of  energy  for  composite  laminates. 

In  (10.1)  r,  d  denote  the  position  vector  and  the  director  associated  with  a  composite  particU, 
respectively,  while  the  velocity  and  the  director  velocity  of  the  composite  panicle  are  given  by  v 
and  w.  The  definition  of  the  various  field  quantities  in  (10.1)  and  their  relation  to  their  counter¬ 
parts  in  micro- structure  and  the  similar  three  dimensional  quantities  are  reiterated  below. 

1 )  p  =  p(0',t)  is  the  f  omposiu  assigned  mass  density  in  the  present  configuration  given  by 
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pgi/2  =  p  ai/2  =  f  ^  p*gi^d^  (10.2) 

where  in  (10.2)  p  is  the  mass  density  of  the  micro-structure,  p*  is  the  classical  3-dimensional 
mass  density,  g  is  the  determinant  of  the  metric  tensor  gy  associated  with  the  composite  coordi¬ 
nate  system  0^  g*  is  the  determinant  of  the  metric  tensor  gjj  associated  with  the  micro- structure 
coordinate  system  t]'=  =  {0“,^),  a  is  the  determinant  of  the  two-dimensional  (surface) 

metric  tensor  a^p  associated  with  the  Cosserat  surface  (micro-structure). 

We  notice  that  the  dimensions  of  p*  and  p  are  mass  per  unit  volume  and  mass  per  unit  area, 
respectively.  However,  the  dimension  of  p  is  the  dimension  of  integrated  mass  per  unit  volume 
of  the  composite. 

2)  b  =  b(0St)  is  the  composite  assigned  Body  font  density  per  unit  of  p,  given  by 

pgi/2b  =  j^p*gWd^  (10.3) 

where  b*  is  the  classical  3-dimensional  body  force  density.  The  dimension  of  b  should  be  clear 
from  (10.3). 

3)  C  =  c(0^t)  is  the  composite  assigned  Body  coupU  density  per  unit  of  p,  given  by '  ^ 

p  gl/2c  =  J^p*g*l/2b*^d^  (10.4) 

The  dimension  of  c  is  clear  from  (10.4). 

4)  t  =  t(0*,t;ii)  is  the  composite  assigned  stress  vector  {per  unit  area  of  the  composite)  such  that 

t  =  g-i/2T>ni  (10.5) 

^  ^  C  may  also  be  called  "composite  assigned  director  force"  emphasizing  the  "directed"  nature 
of  the  present  continuum  theory.  In  the  present  context,  however,  we  prefer  the  terminology  in  3 
above  as  it  makes  the  physical  nature  of  C  more  apparent 
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TA^  =  T‘a  =  J^TV^  (10.6) 

T“  =  J  ^  T*“d^  =  ai/2N«  ( 10.7) 


T3.3  =  T*3 -  7*3,^^  =  AT*3  (10.8) 

where  T*‘  is  the  classical  stress  vector  and  N“  is  the  resultant  force  of  the  micro- structure  (i.e., 
Cosserat  surface).  We  also  recall  that  a  comma  on  the  left-hand  side  of  (10.6)  to  (10.8)  denotes 
partial  differentiation  with  respect  to  6*.  However,  a  comma  on  the  right-hand  side  of  (10.6)  and 
in  (10.8)  denotes  partial  differentiation  with  respect  to  tl*  = 

5)  s  =  s(0^t;n)  is  the  composite  assigned  coupCe  stress  vutor  per  unit  area  of  the  composite  such 
that 


s  =  S*ni 

(10.9) 

(10.10) 

S“=  j^T*«^d^  =  ai/2M“ 

(10.11) 

S3,3  =  (T*3y ,  5^,  -  (T  ,  5=0  =  A(T‘5^) 

(10.12) 

where  M“  is  the  resultant  couple  of  the  micro-structure  (i.e.,  Cosserat  surface)  and  the  same 
remark  as  in  (4)  above  holds  for  commas  and  partial  differentiation. 

6)  k  =  k(0^t)  is  the  composite  assigned  intrinsic  (dtrutor)  feme,  per  unit  volume  of  the  composite, 
given  by 


g'^k  =  a'^m  =  J  ^  T*3d^  (10.13) 


S  may  also  be  called  "composite  assigned  contact  director  force"  which  reflects  the  "direct¬ 
ed"  nature  of  the  present  theory.  However,  the  terminology  given  in  S  reflects  the  physical  nature 
of  S  more  clearly. 


where  m  is  the  intrinsic  director  force  of  the  micro-structure  (i.e.,  Cosserat  surface). 

7)  y®  =  y“(0>)  are  the  inertia  coefficients  which  are  independent  of  time  and  are  given  by 


=  (10.14) 

8)  e  =  e(6*,t)  is  the  composite  assigned  specific  interned  enei^  per  unit  of  p  given  by 

pgi/2e=pai/2e  =  J^p*g*i/2e*d^  (10.15) 

where  e*  is  the  classical  3-dimensional  specific  internal  energy  and  e  is  the  specific  internal 
energy  per  unit  p  for  the  micro-stmeture  (i.e.,  Cosserat  surface). 

9)  1?C=  ^^6‘>t)  is  the  composiu  assigned  kinetic  energy  density  per  unit  of  p  and  is  given  by 

-j  (v  •  v  +  2y*v  •  w  +  y^w  w)  (10.16) 

A 

where  !?C  represents  the  kinetic  energy  density  per  unit  p  of  the  micro- structure  (i.e.,  Cosserat 
surface).  The  momentum  corresponding  to  the  velocity  v  and  the  director  momentum 
corresponding  to  w  are  given  by 


P-|^  =  P(v  +  y*w)  (10.17) 

p-^  =  P(y‘v  +  y2w)  (10.18) 

For  simplicity  in  the  rest  of  this  development,  when  there  is  no  possibility  of  confusion,  we 
adopt  the  following  simplified  terminology: 

p:  "composite  mass  density" 

b:  "composite  body  force  density" 

c:  "composite  body  couple  density" 


t:  composite  stress  vector" 

s:  "composite  couple  stress  vector" 

k:  "composite  intrinsic  force" 

e:  "composite  specific  internal  energy" 

"composite  kinetic  energy" 

We  observe  that  the  basic  structures  of  (10.1),^b.c  forms  are  analogous  to  the 

corresponding  conservation  laws  of  the  classical  three-dimensional  continuum  mechanics. 
Equation  (10.1)c  does  not  exist  in  the  classical  continuum  mechanics  whereas  equations 
(10.1)d,e,  although  they  exist,  they  have  simpler  forms.  It  should  be  noted  that  the  conservation 
laws  (10.1)  are  consistent  with  the  invariance  requirements  under  superposed  rigid  body 
motions,  which  have  wide  acceptance  in  continuum  mechanics.  We  also  reserve  that 
concepts/quantities  such  as  "body  couple  density,  Cs,"  "couple  stress  vector  s"  and  "intrinsic 
force  k"  are  not  admitted/defined  in  classical  continuum  mechanics. 

For  completeness,  we  record  alternative  (simplified)  forms  of  the  conservations  laws  (10.1). 
Let  ?P  be  an  arbitrary  part  (or  subset)  of  the  laminated  composite  body  with  a  closed  boundary 
surface  dTin  the  present  configuration  at  time  t.  The  counterparts  of  !Pand  9JPin  a  fixed  refer¬ 
ence  configuration  will  be  denoted  by  JPq  and  respectively.  Let  (j>  be  any  scalar  or  tensor¬ 
valued  field  with  the  following  representation  in  the  present  configuration  at  time  t: 

<t)  =  <|>(8',t)  (10.19) 

We  recall  the  transport  theorem,  i.e., 

^  •  n  da  (10.20) 

With  the  help  of  (4.6)  and  (10.20),  conservation  laws  (10.1)  may  further  be  reduced  to 
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b  :  J3,P(v  +  y‘w)dz;=J^pbdi/+Jg^tda 
r  :  j^p(y^v +  y^w)dv=  f^(pc-k)dv+ da 
d  :  J^p{r  X  (v  +  y^w)  +  d  x  (y'v  +  y^)}dp=  j^p(r  xb  +  dx  c)dP+  j. 
e  :  p(E  +  !kidz/=  j^p(b  •  v  +  c  •  w)dz/+  j^^(t  •  v  +  s  •  w)da 


(10.21) 

(r  X  t  +  d  X  s)da 
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11.  Considerations  on  composite  contact  force  and  composite  contact  couple 

Consider  an  arbitrary  part  of  the  composite  laminate  which  occupies  a  region  (P  in  the 
present  configuration  at  time  L  Let  fPbe  divided  into  two  regions  ^Pl,^P2  separated  by  a  surface, 
say  a.  Further,  let  8fP,3!Pi,3fp2  refer  to  the  boundaries  of  iP,fPi,2*2.  respectively;  and  let 

d^i  =  d(Pind(P  ,  a^  =  afp2na;p  (11.1) 

Thus,  a  summary  of  the  above  description  is  as  follows: 


(p=piu(P2  .  a^p=  afpi  u  aip2 
dPl  =  a^Pl  u  a  ,  dT2  =  ^^2  o 


(11.2) 


We  notice  that  if  n  is  the  outward  unit  normal  at  a  point  on  a  when  a  is  a  portion  of  d(P\,  the  out¬ 
ward  unit  normal  at  the  same  point  on  a  when  a  is  a  portion  of  dfPi  is  -n.  Applying  the  principle 
of  linear  momentum,  i.e.,  (10.22)b,  to  parts  (Ph(p2  and  iPand  assuming  that  the  composite  stress 
vector  is  a  continuous  function  of  position  and  n,  we  obtain 


t(e\t;n)  =  -t(0i,t;-n)  (11.3) 

According  to  the  result  (11.3),  the  composite  stress  vector  acting  on  opposite  sides  of  the 
same  surface  at  a  given  point  are  equal  in  magnitude  and  opposite  in  direction.  This  is  the 
counterpart  of  Cauchy’s  lemma  in  the  classical  theory. 


Consider  an  arbitrary  part  fPof  the  composite  laminate  in  the  present  configuration  at  time  t 
which  occupies  the  region  i^in  the  space  covered  by  the  coordinates  6‘.  Consider  some  interior 
macm  particU  P  of  !P  having  the  position  vector  r  and  the  director  d  (note  that  the  particles  of  the 
composite  laminate  are  not  like  ordinary  particles  in  the  sense  of  classical  continuum  mechan¬ 
ics).  We  construct  at  P  a  curvilinear  tetrahedron,  lying  entirely  within  ^  and  in  such  a  way  that 
the  side  i  (i  =  1,2,3)  is  perpendicular  to  the  coordinate  direction  6*  and  the  inclined  plane  with 
outward  unit  normal  n  falls  in  the  octant  where  0*,02,6^  are  all  positive.  This  means  that  the 


-62- 


edges  of  the  tetrahedron  are  formed  by  the  coordinate  curves  PPj  of  length  dJi. 

We  now  recall  the  principle  of  linear  momentum  in  the  form  of  (10.21)b  and  apply  it  to  the 
tetrahedron  under  consideration.  Following  the  same  procedure  as  in  classical  continuum 
mechanics,  we  can  show  the  existence  of  a  second  order  tensor  Tti  such  that 


ti(g“)‘/2  =  t«gj  =  x‘jgi  (11.4) 

and 

t  =  Tynigj  =  g-i/2Tini  (11.5) 

where  t'j  and  t'j  are  contravariant  and  mixed  components  of  the  second  order  tensor  which  we 
call  the  composite  assigned  stress  Unsor  or  simply  the  composiu  stress  tensor.  We  also  notice  that  we 
have 


T‘  =  gi/2Tygj  (11.6) 

Next  we  apply  the  conservation  of  director  momentum  in  the  form  of  (10.21)c  to  parts 
T\,T2  and  T.  Assuming  that  the  composite  contact  couple  s  is  a  continuous  function  of  position 
and  n,  it  follows  that 


s(0\  t ;  n)  =  -s(e*,  t ;  -n)  (11 .7) 

According  to  the  result  (11.7),  the  composite  couple  stress  (contact  couple)  vector  acting  on 
opposite  sides  of  the  same  surface  at  a  given  point  are  equal  in  magnitude  and  opposite  in 
direction. 

Applying  the  principle  of  director  momentum  in  the  form  (10.21)c  to  the  tetrahedron  and 
following  the  usual  procedure,  we  can  show  the  existence  of  a  second  order  tensor  such  that 


Si(gii)l/2  =  sUgj  =  S'jgJ 


(11.8) 


S  =  sy/ligj  =:  (11.9) 

where  s*j  and  s*j  are  contravariant  and  mixed  components  of  the  second  order  tensor  which  we 
call  the  composite  assigned  coupCe  stress  tensor  or  simply  the  composite  coupCe  stress  tensor.  We  also 
notice  that  we  can  now  write 


S‘  =  g^^s*jgj 


(11.10) 
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12.  Basic  field  equations  for  composite  laminates 

In  this  section  we  derive  the  basic  field  equations  for  a  composite  laminate  from  the  conser¬ 
vation  laws  of  section  (11).  To  this  end  we  consider  an  arbtirary  part  (P,  with  boundary  9!P,  of 
the  composite  body.  Then,  following  the  usual  procedure  and  by  making  use  of  the  transport 
theorem  and  the  divergence  theorem  and  results  of  section  11,  we  deduce  from  the  composite 
conservation  laws  (10.22)  the  following  basic  field  equations. 

a:  p  +  ^p  =  0 

b  :  T\i  +  Pgl/25  =  pgl/2(y  4.  yl^) 

c  :  S\i  +  g^^(pc  -  k)  =  pg^/2(yiy  4.  y2^)  (12.1) 

d  :  gixT‘  +  d4xS*  +  g^/2dxk  =  0 

e  :  pg'/%  =  T*  •  v,i  +  S‘  •  wj  +  g*%  .  y^r  ss  gi/2p 

where  P  represents  the  mechanical  power  density  (per  element  of  volume)  of  the  composite  lam¬ 
inate  and  is  given  by 

gi/2p  =  ji .  y .  4.51  •  W  i  + g^^k  •  w  (12.2) 

The  basic  field  equations  (12.1)  are  both  simple  and  elegant  in  form.  In  practice,  however, 
we  usually  work  with  the  components  of  the  various  fields.  Hence,  we  now  proceed  to  deduce 
the  basic  field  equations  in  tensor  components.  We  introduce  the  contravariant  and  covariant 
components  of  acceleration  (a^Oj),  director  acceleration  (P\Pi),  body  force  (bVbj),  body  couple 
(cSci),  and  those  of  intrinsic  force  (k^kj)  as  follows: 

v  =  a‘g‘  =  aig‘  ,  w  =  P‘gi  =  pigi 


b  =  bigi  =  bigi  ,  c  =  c'gi  =  Cig'  ,  k  =  k'gi  =  kigi 


(12.3) 
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Substituting  (12,3)  into  the  various  field  equations  in  (12.1)  and  making  use  of  (1 1.6)  and  (1 1.10) 
and  recalling  results  from  tensor  analysis,  i.e.. 


8j.i~  jlSk 

(g'^Xi = -j  ={111”  i)g^^ 


(12.4) 


where  {j  *  denotes  the  Christoffel  symbol  of  the  second  kind,  we  can  obtain  the  component 
fioms  of  the  equations  (12.1).  The  basic  field  equations  (12.1)  when  expressed  in  component 
forms  will  reduce  to 


a:  p  +  -^p  =  0 

b  :  ty|i  +  pbi  =  p(ai  +  y^pj) 

c  :  sy|i  +  (pci-ki)  =  p(yiai  +  y2|ij)  (12.5) 

d  :  eijn(x«  +  d'imS'"j  +  d'kj)  =  eijn(x'j-s"“X:^,-k>dj)  =  0 

e  :  pe  =  xyvj|i  +  sywjii  +  k'Wi  =  P 
while  the  expression  for  mechanical  power  density  P  takes  the  form 


pe  =  x*ivjii  +  s*jwjii  +  k'Wi  =  P  (12.6) 

With  reference  to  (12.5)d  we  observe  that  the  symmetry  of  the  stress  tensor  is  not  valid.  How¬ 
ever,  because  Eijk  is  skew-symmetric  with  respect  to  i  and  j,  it  follows  that  the  quantities  in  the 
parentheses  in  (12.5)d  must  be  symmetric  with  respect  to  i  and  j.  Hence  the  quantity 

x'ij  =  xy  =  s^iX'im  -  kyj  (12.7) 

is  symmetric.  We  call  x'y  the  composite  assigned  symmetric  tensor  or  simply  the  composite 
symmetric  tensor. 
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We  notice  that  in  the  absence  of  the  director,  i.e., 

d  =  0  or  d*  =  0 

the  composite  symmetric  tensor  T*i  reduces  to  the  classical  symmetric  tensor.  It  can  be  shown 
that  in  the  absence  of  the  micro- structure  and  the  director  the  basic  field  equations  (12.5)  as  well 
as  the  expressions  for  power  reduce  to  those  of  classical  continuum  mechanics. 
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13.  An  elastic  composite  laminate 


The  theory  developed  in  the  course  of  this  investigation  is  exact  in  the  context  of  nonlinear 
theory  and  is  based  on  conservation  laws  that  are  independent  of  those  in  classical  continuum 
mechanics  although  their  derivation  was  inspired  by  and  started  from  the  classical  theory  of  con¬ 
tinuum  mechanics.  Due  to  the  material  and  geometric  complexities  inherent  in  composites  and 
due  to  our  rather  limited  (direct)  knowledge  of  composite  materials,  the  study  of  composite 
materials  has  always  been  conducted  via  three-dimensional  classical  continuum  mechanics.  In 
particular,  constitutive  relations  for  composites  have  always  been  derived  from  those  of  the  con¬ 
stituents  which  are  assumed  to  be  elastic.  It  is  therefore  desirable  to  relate  the  various  field 
quantities  of  the  composite  to  those  of  its  constituents.  This  has  already  been  accomplished,  in 
part,  through  the  relevant  definitions  in  section  10.  To  complete  this  correspondence  we  need  to 
establish  appropriate  constitutive  relationships  for  the  composite  field  quantities  T\  S*  and  k 
This  section  is  concerned  with  this  task. 


Within  the  scope  of  the  theory  developed  in  previous  sections,  we  discuss  the  constitutive 
relations  for  elastic  composite  laminates  in  the  presence  of  finite  deformation  and  in  the  context 
of  purely  mechanical  theory. 

We  recall  that  a  material  is  defined  by  a  constitutive  assumption  which  characterizes  the 
mechanical  behavior  of  the  medium.  The  constitutive  assumption  places  a  restriction  on  the 
processes  which  are  admissible  in  a  body  —  here  the  composite  laminate. 


We  recall  that  in  the  three-din^ensional  theory  of  classical  (non-polar)  continuum  mechan¬ 
ics  and  within  the  context  of  purely  mechanical  theory  the  constitutive  relation  for  the  specific 
internal  energy  and  the  stress  tensor  of  an  elastic  body  can  be  expressed  as  follows 


Whenever  there  is  no  danger  of  confusion  we  designate  a  function  and  its  value  with  the 
same  symbol.  Moreover,  the  function  y*  in  (13.1)  depends  also  on  the  reference  values  Gj*,  but 
we  have  not  exhibited  this  here.  The  partial  derivative  of  a  function  with  respect  to  a  symmetric 

tensor  such  as  that  in  (13.2)  is  understood  to  have  the  symmetric  form  -i-  (  ). 

2  oYij  aYjj 
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> 

II 

* 

> 

(13.1) 

« 

II 

-o 

(13.2) 

We  now  proceed  to  deduce  the  counterparts  of  the  above  results  for  an  elastic  composite 

laminate.  To  this  end,  we  first  recall  the  expression  for  T(^j,  i.e.. 

Tii=7ii=|(gr-g;-Gr-G;) 

and  then  observe  the  following  relations^^: 

(13.3) 

and 


since 


Operators  of  the  form  where  f  is  a  scalar  valued  function  of  a  vector 

*  =  =  Xig‘  were  defined  earlier.  The  component  form  of  this  operator  which  is 

in  fact  the  gradient  operator  (derivative  operator)  is  given  by 


df  _  af  _  af 
'3x  "3^  S'  8x* 


g‘ 
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gp=ap  +  ^dp  ,  g3=d 


'4-^  •  ^=0 


In  addition  we  observe  that 


where  we  have  made  use  of  (13.3)  and  the  fact  that  hrom  (13.5)  we  obtain 


^=> 


3gk 


Further  we  observe 


Since  from  (13.5)i  we  have 


.  ^=0 


and  we  have  also  made  use  of  (13.3). 


(13.5) 


(13.7) 


(13.8) 


(13.9) 


We  now  consider  the  constitutive  equations  for  the  components  x*“  in  (13.2),  i.e., 


CHraj 
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Recalling  the  formula 


and 


T*a  =  gM/2^*aj*g^ 


T“  =  |^T*«d4  =  ai/2N“ 

we  write 

T«  =  J  ^  r«d5  =  J  ^  =  f  ^ 

=/«pV'«|^d5=/^pV«^d^ 

=  J;rJ!pV‘«v-d5 

We  recall  that  in  terms  of  6*  coordinates  and  in  relation  to  aa  and  ga  we  have 

30,  =  40.  M  =  4p.  8P„  =  4U. 

daa  dgp  daa  dgp  “  dga 
Hence,  we  can  write  (13.10)  as 

Next,  recall  the  formula 

S“=f^T*«£d^  =  ai/2M“ 

^  O 


(13.10) 


(13.11) 


(13.12) 


and  write 
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sa = J  ^  r»5  = J  ^  g'>«T-»Jg;4  = /  ^  p  V‘«  ^ 

=/!pV‘«|^d5=4-/;;pV>«Vd?  (13.13) 

where  we  have  made  use  of  (13.8).  Now  recall  the  expression 

gi/2k  =  a'/2k  =  J^T*3d^ 

and  write 

gi«k = j  ^  g-i«T-3ig;d^ = J  ^  pV'«  ^  Si’  d4 

"  / !  P  V>«  ^  04 = J  t  P  Wd4  (13.14) 

We  notice  that  interlaminar  stress  vector  acts  as  an  applied  contract  force  for  the  micro¬ 
structure.  Hence,  in  general,  the  constitutive  relation  for  should  be  specified  directly.  This 
means,  in  general,  unlike  T“  may  not  be  obtained  from  the  strain  energy  of  the  constituents. 

Consider  now  the  expression 

¥=iJ^PV'V(8^.d,d,„)d4  (13.15) 

r  O 

where  the  arguments  of  \|/*  have  been  defined  before.  Clearly,  in  view  of  kinematical  relations 
of  section  4,  the  function  y  can  be  regarded  as  a  function  of  the  variables  gj,  d  and  d  j.  There¬ 
fore,  the  constitutive  equations  for  composite  laminate  will  be  given  by 

V  =  V(gi.d.da)  (13.16) 


Ti=pg.«|i 


(13.17) 
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Si  =  pgi^-^  (13.18) 

gl/2k  =  pgl/2  (13.19) 

where  vanishes  identically  since  v  is  not  a  function  of  d^.  The  above  constitutive  equations 
are  subject  to  condition  (12.1)d. 

For  completeness,  in  the  rest  of  this  section  we  obtain  the  component  forms  of  (13.17)- 
(13.19).  To  this  end  we  recall  the  formulas 

r  =  r‘gi  =  rigi  ,  d  =  d‘gi  =  dig‘  (13.20) 

and 


ri  =  rj|igj  =  rj(igi  ,  di  =  dj|igj  =  djiigj  (13.21) 

It  is  clear  from  (13.20)  and  (13.21)  that  the  function  may  be  rewritten  as 


V  =  V(gi.d,d,a)  =  V|r(r  i,d,d  a)  =  \iir(rm  i  i.dm.dn,  i  a)  (1 3.22) 

With  the  help  of  the  expression  for  T\  (13.20),  (13.21)  and  the  gradient  of  a  scalar  valued  func¬ 
tion  of  a  vector,  we  write 

Tl  =  =  pgi/2  H  =  pgi«  ^  =  pgl/2  ^  gj  (13.23) 

From  (13.23)  follows  that 


(13.24) 


In  a  similar  manner,  with  the  help  of  expression  for  S*,  (13.20)  and  (13.21)  we  obtain 


Si  =  g.«,ligj  =  pg./2||L  =  pg./2^g^ 


(13.25) 
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From  this  we  obtain 


sy=p 


Next,  we  consider  k  and  making  use  of  the  same  procedure  we  write 


gi«k  =  gWkig,  =  pg'«  ^  =  pgW  ^  g, 


(13.26) 


(13.27) 


and 


Collecting  the  results  (13.24),  (13.26)  and  (13.28),  we  have 


(13.28) 


(13.29) 

(13.30) 

(13.31) 


The  constitutive  equations  (13.29)  to  (13.31)  are  now  subject  to  condition  (12.5)d. 
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14.  The  complete  theory 

We  recapitulate  in  this  ‘■ection  the  complete  theory  of  elastic  composite  laminate  in  the 
context  of  purely  mechanical  theory. 

The  initial  boundary  value  problem  in  the  general  theory. 

The  basic  field  equations  of  the  nonlinear  theory  consist  of  the  equations  of  motion  and  the 
energy  equation  given  by  (  )  and  repeated  below  for  convenience: 


Ty(i  +  pbj  =  p(ot)  +  y'jij)  (14.1) 

s'j  I  i  +  (pd  -  ki)  =  p(y 'cti  +  y^^)  ( 1 4.2) 

eijn(x‘j  +  X‘nS"y  +  d*kj)  =  0  (14.3) 

pe  =  t‘ivjii  +  s*jwjii  +  k*Wi  =  P  (14.4) 

where  P  is  given  by 

p  =  xU  Vj  ( i  +  s*jwj  I  i  +  k'Wj  ( 1 4.5) 

or  equivalently  by 

P  =  +  k^Ti  (14.6) 

The  constitutive  equations  for  an  elastic  composite  laminate  are  specified  by 

V  =  V(yij,  (14-7) 

and 


Ty  =  p 


(14.8) 
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S<i  =  p^  (14.9) 

ki  =  p^  (14.10) 

We  recall  that  (14.9)  is  subjected  to  the  condition 

s^  =  0  (14.11) 

We  note  that  instead  of  (14.7)  to  (14.10),  any  other  alternative  equivalent  expressions 
derived  in  section  may  be  used. 

The  above  field  equations  and  constitutive  relations  characterize  the  initial  boundary-value 
problem  in  the  nonlinear  theory  of  an  elastic  composite  laminate. 

The  nature  of  the  boundary  conditions  in  the  present  theory  may  be  seen  from  the  rate  of 
work  expression  for  the  composite  contact  force  and  the  composite  contact  couple,  i.e., 

(t*v  +  s*w)da  (14.12) 

The  conditions  at  the  boundary  surface  of  the  composite  laminate  at  which  the  surface  forces  F 
and  the  surface  couples  are  prescribed  require  that 

t  =  r  ,  s  =  s  (14.13) 

If  we  express  the  surface  forces  T and  the  surface  couples  s  in  terms  of  their  components,  i.e., 

r=7gi=Tig‘  (14.14) 

s  =  ?gi=^g>  (14.15) 

and  then  using  (  )  and  (  )  the  boundary  conditions  take  the  following  forms: 

x'jni=T'  ,  x*jni=Tj  (14.16) 
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s‘jni  =  s>  ,  s‘jni  =  Sj  (14.17) 

To  elaborate,  we  recall  that  our  choice  of  convected  coordinates  is  such  that  at  a  point  P  with 
coordinates  0*  (i  =  1,2,3)  of  the  composite  laminate,  the  coordinates  0^  0^  are  in  fact  the  coordi¬ 
nate  curves  of  the  ply  passing  through  the  point  P.  Moreover,  the  coordinate  0^  is  in  the  direc¬ 
tion  of  lay-up.  This  implies  that  for  an  arbitrary  part  JP,  the  boundary  surface  3fP consists  of  two 
material  surfaces  of  the  form 

:  03  =  e3(ea)  =  ^j 

and  (14.18) 

a!Pl  :  03  =  03(0a)  =  C2 

and  a  lateral  material  surface  of  the  form 

d(Pi  :  f(0“)  =  O  (14.19) 
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ls.  A  constrained  theory  of  composite  laminates 

So  far  our  development  of  the  continuum  theory  has  been  general  and  without  any 
restriction/condition  placed  on  the  kinematical  variables.  Therefore  the  field  equations  and  the 
constitutive  relations  are  applicable  to  any  elastic  composite  laminate.  We  did  not  introduce  any 
kinematical  constraints  previously  to  keep  the  theory  general  enough  so  that  it  could  be  utilized 
for  various  physical  situations.  We  now  turn  to  the  development  of  a  constrained  theory  of  our 
continuum  model.  First  we  derive  a  set  of  constraint  equations  for  the  composite  laminate.  We 
then  proceed  to  obtain  the  relevant  response  functions  induced  by  the  constraint.  Finally  we 
obtain  a  set  of  field  equations  in  terms  of  the  displacement  and  effected  by  the  presence  of  the 
constraints. 

We  impose  the  condition  that  plies  of  the  composite  laminate  do  not  separate  from  or  slide 
over  each  other  at  all  time  during  the  motion  of  the  composite  laminate.  This  means  the  dis¬ 
placement  vector  of  the  material  points  throughout  the  body  including  at  the  interface  must  be 
single  valued.  Hence  we  require 

r(e«,  03  4-  A03)  =  r(e“  03)  +  ^2  d(0«,  03) 
or 

r(0°  03  4-  A03)  -  r(;0°,03)  _  j(0a  03)  (15  1) 

S2 

In  the  limit  when  ^2  ->  0  ^ind  r(0®,03  4-  A03)  ->  r(0“,03)  we  obtain 

g3  =  r3  =  d  (15.2) 

where  we  have  made  use  of  the  assumption 

A03  =  ^2  (15.3) 

Expression  (15.2)  implies  the  following  constraint  condition 


I 


Differentiating  (15.4)  with  respect  to  time,  we  obtain 


g«d  +  g«w  =  0  (a=l,2) 


(15.5) 


We  recall  the  formulas 


g'gj  =  5^j 


(15.6) 


Differentiating  (15.6)  with  respect  to  time,  we  obtain 


g‘  =  -v'img"' 


(15.7) 


Substituting  (15.7)  into  (15.5),  we  arrive  at 


diga  •  -g"  *  w  =  0  (a  =1,2) 


(15.8) 


dmg™g^“vj  I  i  -  g'®Wi  =  0  (a  =  1 ,2) 


(15.9) 


This  is  another  form  of  the  constraints  (15.5)  which  is  more  appropriate  for  our  present  develop¬ 


ment. 


For  a  composite  laminate  with  constraints  we  assume  that  each  of  the  functions  T‘,  S*  and  k‘ 
are  determined  to  within  an  additive  constraint  response  so  that 


T*  =  T*  -I-  T* 


Si  =  Si  +  S‘ 


(15.10) 
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ti  .  S‘  .  k  (15.11) 

are  specified  by  constitutive  equations  and 

fi  .  S‘  ,  k  tl5.12) 

which  represent  the  response  due  to  constraints  (15.8)  are  arbitrary  functions  of  0‘,t,  are  woridess 
and  independent  of  the  kinematical  variables  v  j,  Wj  and  w.  tTius,  recalling  the  expression  (12.2) 
for  mechanical  power,  we  set 


fi  Vi  +  S‘-W4  +  gi/2k-w  =  0  (15.13) 

This  must  hold  for  all  values  of  the  variables  v  j,  W4  and  w  subject  to  the  constraint  condition 
(15.8).  Multiplying  (15.8)  by  the  Lagrange  multipliers  8a  (a  =  1,2)  and  subtracting  the  results 
from  (15.13),  we  obtain 


(fi  -  5adig«)  •  Vi  +  Si  •  Wi  +  (gi/2k  +  5^) .  w  =  0  (15.14) 

From  (15.14)  and  the  fact  that  T’,  S'  and  k  are  independent  of  vj,  w,i  and  w  it  follows  that 

ti  =  5adig“  (15.15) 

Si  =  0  (15.16) 

gi/2k  =  -5ag«  (15.17) 


Expressions  (15.15)  to  (15.17)  represent  the  constraint  response  induced  by  the  constraint  equa¬ 
tions  (15.3).  Substituting  (15.15)  to  (15.17)  into  linear  momentum  equation  (12.1)b  and  the 
director  momentum  equation  (12.1)c,  we  obtain 

[t*  +  5ad'g“],i  +  pgi^b  =  pgi^(v  +  yiw)  (15.18) 


and 
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S‘,i  +  -  [g^^k  -  8ag“]  =  pg^^(y*v  +  y^w)  (15.19) 

Introducing  the  following  temporary  variables  b  and  c  by 

b  =  b  -  (v  +  y^w) 

and  (15.20) 

c  =  c  -  (y^  +  y^w) 

from  (15.18)  and  (15.19)  we  obtain 

pgi/2b  +  f  \i  -  (pgi/2d*c  +  d>^j  -  g^^‘k).i  =  0  (15.21) 

Moreover,  from  (15.19)  and  (15.4)  we  obtain 

pgi^d'C  +  d-^j-gi/2d-k  =  0  (15.22) 

Recalling  that  T',  S'  and  k  are  specified  as  functions  of  various  kinematical  variables,  it  is  clear 
that  the  system  of  equations  (15.21)  and  (15.22)  represent  two  equations  for  the  determination  of 
the  primary  unknowns  v  (or  r)  and  d. 

To  obtain  the  counterparts  of  (15.21)  and  (15.22)  in  component  form  the  functions  t'j,  s'J 
and  k'  are  determined  to  within  an  additive  constraint  response  so  that 

x'J  =  x'j  +  x'j 

sy  =  s'j  +  s'j  (15.23) 

k'  =  k'  +  k‘ 

where 

T'i  ,  s'j  ,  k'  (15.24) 

are  specified  by  constitutive  equations  and 


x'J  ,  s'J  ,  k* 


(15.25) 
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which  represent  the  response  due  to  constraints  (15.9),  are  arbitrary  functions  of  0^t,  woiidess 
and  independent  of  kinematical  variables  Viij,  Wjij  and  Wi.  Thus,  recalling  the  expression  (12.6) 
for  mechanical  power,  we  set 


t‘Vjii  +  s*%jii  +  k*Wi  =  0  (15.26) 

which  must  hold  for  all  values  of  the  variables  vjii,  wjij  and  wj  subject  to  the  constraint  condi¬ 
tions  (15.9).  Multiplying  (15.9)  by  the  Lagrange  multipliers  Xa(ct=  1,2)  and  subtracting  the 
results  from  (15.26),  we  obtain 


(t‘j  -  X<xd‘gj“)Vj  I  i  +  gy  Wj  I  i  +  (k‘  +  Xag‘“)Wi  =  0  (1 5.27) 

From  (15.27)  and  the  fact  that  t'j,  s^  and  k  are  independent  of  vjii,  wji,  and  Wj  it  follows  that 

xy  =  M'gj“  (15.28) 

s‘J  =  0  (15.29) 

k‘  =  -Xag«  (15.30) 

Substituting  (15.28)  to  (15.30)  into  (12.5)b  and  (12.5)c,  we  obtain 

[ty  +  A^igJT],i  +  pbj  =  p(aj  +  yipj)  (15.31) 

and 

gy  li  -  [kj  -  +  pci  =  p(y^ai  +  y^^)  (15.32) 

Making  use  of  (15.20),  from  (15.31)  and  (15.32)  we  obtain 

pb)  +  I'i  li  -  (pd^ci  +  pdig^iim  -  d‘ki)ii  =  0  (15.33) 

Moreover,  from  (15.32)  and  (15.4)  we  obtain 


Note  that  Xa  is  now  different  from  8a. 
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pdjcj  +  djsy|i-djkj  =  0  (15.34) 

A  •  •  A  • 

Again  recalling  that  x'J,  s‘J  and  k‘  are  specified,  by  constitutive  equations,  as  functions  of  relevant 
kinematical  variables,  it  is  clear  that  the  system  of  equations  (15.33)  and  (15.34)  represent  four 
equations  for  the  determination  of  four  primary  unknowns  Vj  and  d. 

Before  closing  this  section,  we  obtain  a  relation  between  the  Lagrange  multipliers  Sa  and 
Recalling  (11.6),  we  may  write  (15.15)  as  follows 

fi  =  gi/2xygj  =  5ad‘gj“gj 
or 

gl/2(xij  _  g-l/25^d‘gj“)gj  =  0 

Since  g*^  *  0  and  gj  are  linearly  independent  base  vectors,  we  obtain 

ti  =  g-i/25„d>gj“ 

A  comparison  between  (15.36)  and  (15.28)  yields 

=  (15.37) 

Similarly,  from  (15.17)  we  obtain 

gl/2(ki  +  g-i/25ag‘“gi)  =  0  (15.38) 

Again,  since  gj  are  independent  base  vectors  and  since  ^  0,  we  obtain 

ki  =  -g^l/25^ia  (15.39) 

Comparing  (15.39)  and  (15.30),  we  obtain 


(15.35) 


(15.36) 


K  =  g"‘^5a 


(15.40) 
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which  confirms  the  results  (15.37). 
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1.  Overview 


l.a  Objective: 

To  develop  a  continuum  theory  for  laminated  composite  materials 
such  that 

i)  It  accounts  for  the  effects  of  micro-structure 

ii)  It  accounts  for  the  effects  of  geometric  nonlinearity 

iii)  It  accounts  for  the  effects  of  material  nonlinearity 

iv)  It  accounts  for  the  effects  of  curvature 

v)  It  accounts  for  the  effects  of  interlaminar  stresses 

vi)  It  has  a  continuum  character 

vii)  It  is  applicable  to  both  static  and  dynamic  analysis. 

l.b  Approach: 

The  above  goals  will  be  accomplished  by  utilizing  the  following: 

i)  Convected  curvilinear  coordinates. 

ii)  General  tensor  analysis 

iii)  Classical  three-dimensional  continuum  mechanics 

iv)  Theory  of  Cosserat  (directed)  surfaces 


2.  Basic  field  equations  of  classical  continuum  mechanics  in  general 
curvilinear  coordinates 


Figure  1 

A  continuum  body  in  Euclidean  3-space 

Let  rf  (i  =  1,2,3)  be  a  set  of  general  convected  curvilinear  coordi¬ 
nates.  Consider  a  body  (B  *  which  occupies  a  region  f^in  three  dimen¬ 
sional  Euclidean  space  and  let  its  boundary  be  a  closed  surface  and  be 
denoted  by  *.  Let 


(2.1) 


P‘  =  P‘(Tl‘,t) 


denote  the  position  vector  of  a  material  point  P*  in  the  present 
configuration  of  the  body  *  at  time  t.  Then  we  may  write 


gij=&  gj 


(2.2) 


and 


ds2  =  dp*  •  dp*  =  gijdti'dTij  (2.3) 

where  (2.2)  and  (2.3)  are  the  convariant  base  vectors,  the  metric  tensor, 
and  the  square  of  a  line  element  in  the  present  configuration  at  time  t, 
respectively.  Similarly  in  the  reference  configuration  we  have 


P*  =  P*(r|i)  (2.4) 

Gi*  =  .^  ’  Gij=Gi*-Gj*  (2-5) 

dS2  =  dP*  •  dP*  =  Gydii'dTV  (2.6) 

In  addition,  we  define  a  strain  measure  through 

ds^  -  dS^  =  2'^jdTi*drij  (2.7) 

=  l/2(gij  -  Gip  (2.8) 


where  are  the  covariant  components  of  the  symmetric  strain  tensor. 
Moreover,  the  velocity  is  given  by 


(2.9) 


With  reference  to  the  present  configuration  and  within  the  context  of  the 
classical  (nonpolar)  continuum  mechanics,  the  basic  field  equations  in 
purely  mechanical  theory  are  given  by: 


•  * 


a:  p*  +  ^p-  =  0 


b:  Tij  +  p'bV'^^  =  P*vV'^ 


c:  gi  X  T*  =  0 


d:  = 


(2.10) 


where  we  have 


T*in* 


T*i  =  g*iy2^*ij^*  =  g*i/2t.*ig*j 


(2.11) 


3.  The  basic  theory  of  Cosserat  (directed)  surfaces 

Consider  a  material  surface  embedded  in  a  Euclidean  3-space, 
together  with  a  deformable  vector  field,  called  director,  attached  to  every 
point  of  the  material  surface.  The  director  is  not  necessarily  along  the 
unit  normal  to  the  surface  and  remains  unaltered  in  length  under  super¬ 
posed  rigid  body  motions.  Let  the  particles  of  the  material  surface,  say 
s,  be  identified  by  means  of  a  system  of  convected  coordinates  ti“  (a  = 
1,2).  Let  r  and  d  denote  the  position  vector  of  a  typical  point  P  of  j  and 
the  director  at  the  same  point,  respectively. 


Figure  2 

A  typical  Cosserat  surface 


Then  the  motion  of  the  Cosserat  surface  is  defined  by  vector^valued 
functions  which  assign  position  r  and  director  d  to  each  particle  P  of  j  at 
each  instant  of  time  through 

r  =  r(Ti“t)  ,  d  =  d(T|“t)  ,  [aia2d]>0  (3.1) 

where 

(3-2) 

are  the  base  vectors  along  the  Ti“-curves  on  s.  The  velocity  and  the 
director  velocity  vectors  are  defined  by 

v  =  r  ,  w  =  d  (3.3) 

With  reference  to  the  present  configuration,  the  field  equations  of  a 
Cosserat  surface  in  the  context  of  purely  mechanical  theory  are  given  by 


(3.4) 


a :  =  0 

b :  pa^^(v  +  y^w)  =  (N“a^^)  a  +  pfa^^ 
c  :  pa^^Cy^v  +  y^w)  =  (M“a^''^)^ct  “  ma^^  +  pla^^^ 
d :  Ha  X  N“  +  d  X  m  +  d  a  X  M“  =  0 

e  :  p(e)  =  N“  •  v^a  +  M“  -w  „  +  m  •  w 

The  first  of  (3.4)  is  a  mathematical  statement  of  the  conservation  of 
mass,  the  second  that  of  the  linear  momentum,  the  third  is  the  conserva¬ 
tion  of  the  director  momentum,  the  fourth  that  of  the  moment  of 
momentum,  and  the  fifth  is  the  conservation  of  energy.  The  various 
quantities  appearing  in  the  above  conservation  laws  are  defined  below: 

p  :  mass  density  of  the  surface  s 

N  =  N(T|®,t)  =  N®  (Ti®,t)V(x :  the  contact  force 

M  =  M(T|®,t)  =  M“('n®,  t)Va :  the  contact  director  force 

where  =  Va('n®,t)  are  the  components  of  the  outward  unit  normal 
to  the  boundary  of  the  shell-like  body 

f  =  f(T|®,t) :  the  assigned  force 

A  A 

1  =  l(Ti®,t) :  the  assigned  director  force 
m  =  m(T|®,t) :  the  intrinsic  director  force 

a  =  a(T|®,t) :  determinant  of  the  first  fundamental  form  of  the  surface 


ytt  =  y“(T|“) :  the  inertia  coefficients 

A  A 

£  =  £(Ti®,t) :  the  specific  internal  energy 

!^Tl“,t) :  the  kinetic  energy  of  the  surface  5 

The  above  quantities  are  related  to  the  corresponding  three-dimensional 
quantities  of  the  shell-like  body  and  are  obtained  through  suitable 
integration  procedures. 


4.  Modeling  of  a  composite  laminate  as  a  series  of  Cosserat 

(directed)  surfaces 

We  define  a  composite  laminate  as  a  three-dimensional  continuum 
consisting  of  multiple  layers  (two  or  more)  of  materials  which  act 
together  as  a  single  (integral)  physical  entity.  Here  we  confine  our 
attention  to  laminated  composites  composed  of  multiple  layers  of  only 
two  materials,  each  of  which  are  considered  to  be  homogeneous.  The 
layers  are  not  considered  to  be  necessarily  flat  and  could  have  any  type 
of  curvature. 


Figure  3 

A  composite  laminate  consisting  of  alternating 
layers  of  two  materials 


Step  3.  Continuum  modeling  of  composite  laminate 


It  is  to  be  emphasized  that  in  the  present  discussion  each  Cosserat 
surface,  i.e.,  micro-structure,  is  itself  a  three-dimensional  shell-like  body 
(B*  consisting  of  two  layers  of  different  homogeneous  materials.  We 
also  notice  that  the  material  points  within  each  representative  element 
*  are  regular  particles  in  the  sense  of  classical  continuum  mechanics 
while  the  material  points  of  the  macro-structure  are  endowed  not  only 
with  an  assigned  mass  density  but  also  with  a  director.  We  will  refer  to 
the  body  as  composite  laminate,  macro-continuum  or  macro-structure 


and  to  the  body  as  representative  element,  micro-continuum  or 
micro-structure.  Also,  we  will  refer  to  particles  of  as  macro-particles 
or  composite  particles  while  the  particles  of  the  micro-structures  will  be 
referred  to  as  micro-particles  or  simply  particles  (material  points). 


5.  Definition  of  micro-structure 


Within  the  context  of  three-dimensional  classical  continuum 

mechanics,  consider  a  body  *  in  the  present  configuration  and  let  its 
boundary  be  a  closed  surface,  denoted  by  *,  and  be  composed  of  the 
following  material  surfaces: 

a)  The  material  surfaces 

So:  %  =  Q 

^2>0  (5.1) 

il-  4  =  ^2(n“) 

b)  The  material  surface 

sc:  f(Ti«)  =  0  (5.2) 

such  that  ^  =  const,  are  closed  smooth  curves  on  the  surface  (5.2). 
We  also  consider  a  material  surface  of  the  form 

0  <  <  ^2  (5.3) 

lying  entirely  between  and  52- 

Let  the  part  of  the  body  *  which  is  enclosed  by  the  surface  5o,5i 
and  5/^ be  designated  by  (Bf  and  the  part  enclosed  by  the  surfaces  5i,52 
and  S[bQ  denoted  by  The  field  quantities  associated  by  the  parts 
(Bi  and  will  be  designated  by  subscripts  1  and  2  when  necessary. 


6.  Kinematics  of  micro-  and  macro-structures 


We  begin  our  development  of  the  kinematical  results  by  assuming 
that  the  position  vector  of  a  particle  P*  of  a  representative  element 
(micro-structure),  i.e.,  p*('n“  ^,0^,t)  in  the  present  configuration  has  the 
form 


p* = r{Ti“  e3,t) + 4(e3)d(ii“  e3,t)  (6.  i ) 

The  dual  of  (6.1)  in  a  reference  configuration  is  given  by 

P*  =  R(ti“  63)  +  4(e3)D(ii“,e3)  (6.2) 


The  velocity  vector  v*  of  the  micro-structure  at  time  t  is  given  by 

V*  =  . V(n“49^.t)  :.^»(^a^,e3,t)  (6.3) 

where  a  superposed  dot  denotes  the  material  time  derivative,  holding  ri^ 
and  0*  fixed  From  (6.1)  and  (6.3)  we  obtain 

V*  =  V  +  (6.4) 


where 


v  =  r  ,  w  =  d  (6.5) 

are  the  velocity  and  the  director  velocity  of  the  macro-structure,  respec¬ 
tively.  From  (6.1)  we  have 


g^  =  aa+^ 


ad 

0r|“ 


g3=d 


(6.6) 


where  aa  are  the  surface  base  vectors  of  the  surface  Sq. 


We  recall  that  the  velocity  v  and  the  director  d  are  three-dimensional 
vectors  and  can  be  written  as 

v  =  Vigi  =  vigi  ,  Vi  =  gi-V  ,  v'  =  gyvj  (6.7) 

d  =  dig‘  =  d'gi  ,  di  =  grd  ,  d'  =  gydj  (6.8) 

The  gradient  of  the  director  d  may  be  obtained  as  follows: 

di,  =  Ajigj  =  Mgj  (6.9) 

For  convenience  we  have  introduced  the  notations 

“  8i  *  dj  =  djij 

A,ij  =  gi-dj  =  dSj  (6.10) 

Following  the  same  procedure  used  we  obtain 

V  i  =  Vjgj  =  vJigj  (6.11) 

where 

Vij=gi*Vj  =  Vi,j 


V*j  =  g'*Vj  =  V*,j 


(6.12) 


v‘j  =  g“‘Vkj 


Since  Vy  is  a  second  order  covariant  tensor,  we  may  decompose  it 
into  its  symmetric  and  its  skew-symmetric  parts,  i.e., 

''ij  =  =  'Hij  +  (6. 1 3) 

where  Tjij  and  cOij  represent  the  symmetric  and  the  skew-symmetric  parts 
of  vjj,  respectively.  We  may  express  gj  in  the  form 

a  =  V  i  =  (t|m  +  (Oid)g‘‘  (6.14) 

and 

w  =  d  =  dkgk  +  d'(C0ki  -  (6.15) 

The  gradient  of  the  director  velocity  is  given  by 

w,i  =  d  i  =  Xfcig'=  +  Xii((Oki  -  iikj)g''  (6. 16) 

We  also  introduce  relative  kinematical  measures  tjj,  and  ji  such 
that 


and 


Yy  -  y  (gij  -  Gij)  -  y  (gi  •  gj  -  Gi  •  Gj)  =  Yji 


(6.17) 

(6.18) 


Yi  =  di-Di 


(16.19) 


7.  Basic  field  equations  for  the  micro-structure 

Making  use  of  the  theory  of  Cosserat  (directed)  surfaces  after 
appropriate  integration  of  the  classical  three-dimensional  equations  of 
motion,  across  the  thickness  of  the  micro-structure,  we  obtain  the  basic 
field  equations  for  the  shell-like  micro-structure  as  follows: 

a :  (pa^^^  =  0 

b  :  pa^/^(v  -I-  y^w)  =  (N“a^^)^oc  +  pla^^ 
c  :  pa^^(y^v  4-  y^w)  =  (M“a^^\ci  “  ma^^  +  pla^/^  (7.1) 

d  :  aa  X  N“  +  d  X  m  +  d,a  X  M“  =  0 
e  :  p(e)  =  N“  •  -i-  M“  •  -i-  m  •  w 


where  the  various  field  quantities  appearing  in  (7.1)  are 


P  =  P(0“,t) : 


The  mass  density  of  the  micro¬ 
structure  in  the  present  configuration 


V  =  v(0“  t) : 

N“  =  N“(e«  t;v) : 

M“  =  M«(0“  t;v) : 

f=f(0«t): 

1  =  i(0a  t) : 

m  =  m(0“  t) : 

y“  =  y“(0“) : 
e  =  £(0«  t) : 


The  outward  unit  normal  to  the 
boundary  ^^P  of  the  micro¬ 
structure 

The  resultant  force  per  unit  length 
of  a  curve  in  the  present 
configuration 

The  resultant  couple  per  unit 
length  of  a  curve  in  the  present 
configuration 

The  assigned  force  per  unit  mass 
of  the  micro-structure 

The  assigned  director  force  per 
unit  mass  of  the  micro- 
structure 

The  intrinsic  director  force  per 
unit  area  of  the  micro-structure 

The  inertia  coefficients 

The  specific  internal  energy  per 
unit  mass  of  the  micro-structure 


8.  Summary  of  basic  principles  for  composite  laminates 


In  this  section  we  record  the  conservation  laws  for  composite  lam¬ 
inates  and  also  collect  various  concepts/definitions  that  were  introduced 
for  composite  laminates.  With  reference  to  the  present  configuration, 
these  conservation  laws  are  summarized  below: 

a  :  f  p  dz/=0 

dt 

d  :  {rx(v  +  y*w)  +  dx(y'v  +  yV))dt'= 

J^^(r  X  b  +  d  X  c)d?;+  (r  x  t  +  d  x  s)da 

c  :  J^Pp(8+ !^dz;=  J^p(b  •  v-i-c*  w)dz/+J^^(t  •  v-hs  •  w)da 


The  first  of  (8.1)  is  the  mathematical  statement  of  conservation  of  mass, 
the  second  that  of  linear  momentum  principle,  the  third  that  of  directoi 
momentum,  the  fourth  is  the  principle  of  moment  of  momentum,  and  the 
fifth  represents  the  balance  of  energy  for  composite  laminates. 

In  (8.1),  r,d  denote  the  position  vector  and  the  cfirector  associated 
with  a  composite  partick  respectively,  while  the  velocity  and  the  direc¬ 
tor  velocity  of  the  composite  particle  are  given  by  v  and  w.  The 
definition  of  the  various  field  quantities  in  (8.1)  and  their  relation  to  their 


counterparts  in  micro-structure  and  the  similsir  three  dimensional  quanti¬ 
ties  are  reiterated  below. 

1)  p  =  p(0\t)  is  the  composite  assigned  mass  density  in  the  present 
configuration  given  by 


pgi/2  =  pai/2  =  pV^d^  (8,2) 

^  O 

A  . 

where  in  (8.2)  p  is  the  mass  density  of  the  micro-structure,  p  is  the  clas¬ 
sical  3-dimensional  mass  density,  g  is  the  determinant  of  the  metric  ten¬ 
sor  gij  associated  with  the  composite  coordinate  system  g*  is  the 
determinant  of  the  metric  tensor,  gy  associated  with  the  micro-structure 
coordinate  system  =  {0°^,^},  a  is  the  determinant  of  the 

two-dimensional  (surface)  metric  tensor  a^p  associated  with  the  Cosserat 
surface  (micro-structure). 

We  notice  that  the  dimensions  of  p*  and  p  are  mass  per  unit  volume 
and  mass  per  unit  area,  respectively.  However,  the  dimension  of  p  is  the 
dimension  of  integrated  mass  per  unit  volume  of  the  composite. 

2)  b  =  b(0St)  is  the  composite  assigned  Body  force  density  per  unit  of  p, 
given  by 


pgi^b  =  fpV'^b*d^ 

»  c\ 


(8.3) 


where  b*  is  the  classical  3-dimensional  body  force  density.  The  dimen¬ 
sion  of  b  should  be  clear  from  (8.3). 

3)  c  =  c(0\t)  is  the  composite  assigned  Body  coupCe  density  per  unit  of  p, 
given  by 


The  dimension  of  c  is  clear  from  (8.4). 


4)  t  =  t(0\t;n)  is  the  composite  assigned  stress  vector  (per  unit  area  of  the 
composite)  such  that 


t  =  g-i'OTini 

(8.5) 

TA^  =  TV  =  jVid4 

(8.6) 

T“  =  r  T*“d£  = 

•'0 

(8.7) 

=  T*3|5=52-T*^%=o  =  AT*3 

(8.8) 

where  T*^  is  the  classical  stress  vector  and  N“  is  the  resultant  force  of 
the  micro-structure  (i.e.,  Cosserat  surface).  We  also  recall  that  a  comma 
on  the  left-hand  side  of  (8.6)  and  (8.8)  denotes  partial  differentiation 
with  respect  to  0^  However,  a  comma  on  the  right-hand  side  of  (8.6) 
denotes  partial  differentiation  with  respect  to 

5)  s  =  s(0St;n)  is  the  composite  assi£ned  couple  stress  vector  per  unit  area 
of  the  composite  such  that 


s  =  (8.9) 

S\i  =  j^Ti,i^d^  (8.10) 

S«  =  J  T‘«^d4  =  a>/2M“  (8.11) 


S3,3  =  (T*3^) ,  ^=43  -  (T*^) ,  ^=0  =  A(T*3^) 


(8.12) 


where  M“  is  the  resultant  couple  of  the  micro-structure  (i.e.,  Cosserat 
surface)  and  the  same  remark  as  in  (4)  above  holds  for  commas  and  par¬ 
tial  differentiation. 

6)  k  =  k(0St)  is  the  composite  assignecC  intrinsic  ((Cirector)  force,  per  unit 
volume  of  the  composite,  given  by. 


b. 


gi/2k  =  ai/2m  =  r  T*3d^ 

•  n 


(8.13) 


where  m  is  the  intrinsic  director  force  of  the  micro-structure  (i.e.,  Cos¬ 
serat  surface), 

7)  y“  =  y“(0^)  are  the  inertia  coefficients  which  are  independent  of  time 
and  are  given  by 


y“=j; 


(8.14) 


8)  e  =  e(0\t)  is  the  composite  assigned  specific  interrud  energy  per  unit 
of  p  given  by 


pgi/2£  =  pa^e  =  t  p‘g*i%*d^  (8.15) 

where  e*  is  the  classical  3 -dimensional  specific  internal  energy 
and  e  is  the  specific  internal  energy  per  unit  p  for  the  micro¬ 
structure  (i.e.,  Cosserat  surface). 

9)  i^0St)  is  the  composite  assignecC  /^netic  energy  density  per 
unit  of  p  and  is  given  by 


(8.16) 


y(v  •  V  +  2y^v  •  w  +  y^w  •  w) 


where  represents  the  kinetic  energy  density  per  unit  p  of  the 
micro-structure  (i.e.,  Cosserat  surface).  The  momentum 
corresponding  to  the  velocity  v  and  the  director  momentum 
corresponding  to  w  are  given  by 


P  -^  =  p(v  +  y’w) 


(8.17) 


P 


=  p(y^v  +  y^w) 


(8.18) 


For  simplicity  in  the  rest  of  this  development,  when  there  is  no  pos¬ 
sibility  of  confusion,  we  adopt  the  following  simplified  terminology: 

p  :  "composite  mass  density" 

b  :  "composite  body  force  density" 

c  :  "composite  body  couple  density" 

t :  "composite  stress  vector" 

s  :  "composite  couple  stress  vector" 

k  :  "composite  intrinsic  force" 

£  :  "composite  specific  internal  energy" 

"composite  kinetic  energy" 

We  observe  that  the  basic  structures  of  (8.1)a,b,c  and  their  forms  are 
analogous  to  the  corresponding  conservation  laws  of  the  classical  three- 


dimensional  continuum  mechanics.  Equation  (8.1)c  does  not  exist  in  the 
classical  continuum  mechanics  whereas  equations  (8.1)d,e»  although  they 
exist,  they  have  simpler  forms.  It  should  be  noted  that  the  conservation 
laws  (8.1)  are  consistent  with  the  invariance  requirements  under  super¬ 
posed  rigid  body  motions,  which  have  wide  acceptance  in  continuum 
mechanics.  We  also  observe  that  concepts/quantities  such  as  "body  cou¬ 
ple  density,  c,"  "couple  stress  vector  s"  and  "intrinsic  force  k"  are  not 
admitted/defined  in  classical  continuum  mechanics. 


9.  Remarks  on  composite  stress  vector  and  composite  couple  stress 
vector 

An  important  characteristic  of  the  present  theory  is  the  introduction 
of  the  composite  contact  force, t,  and  the  composite  contact  couple,  s.  It 
can  be  shown  that  t  and  s  have  the  properties 

t(0i,t ;  n)  = -t(0St ; -n)  (9.1) 

and 

s(0\t ;  n)  =  ~s(0\t ;  -n)  (9.2) 

where  n  is  the  outward  unit  normal  to  a  surface  within  the  composite. 
According  to  the  results  (9.1)  and  (9.2),  the  composite  stress  vector  and 
the  composite  couple  stress  vector  acting  on  opposite  sides  of  the  same 
surface  at  a  given  point  within  the  composite  laminates  are  equal  in 
magnitude  and  opposite  in  direction.  In  addition,  it  can  be  demonstrated 
that  T*  and  S‘  are  expressible  as 

Ti  =  gi/2xijg.  (9.3) 

and 

S*  =  g^^s'jgj  (9.4) 

where  and  s^  are  contravariant  components  of  the  composite  stress 
tensor  and  the  composite  coupU  stress  tensor.  It  can  also  be  shown  that 
represent  the  effect  of  interlaminar  stresses  (j  =  1,2,3)  through 
(9.3). 


10.  Basic  field  equations  for  composite  laminates 


The  basic  field  equations  for  composite  laminates  follows  from 
(8.1)a  to  (8.1)c  and  are  given  by 

a;  p  +  ^p  =  0 

b  :  'r4  +  pg^^b  =  pg^^b  =  pg^^(v  +  y^w) 


C  :  S\i  +  gl/2(pc  _  k)  =  pgl/2(yl{r  +  y2w)  (10.1) 

d  :  giXP  +  d^iXS^  +  g^'^dxk  =  0 

e  :  pg^%  =  •  Vj  +  S*  •  +  g^%  •  w  =  g^/^P 

where  P  is  the  mechanical  power  density  (per  element  of  volume)  of  the 
composite  and  is  given  by 

gl/2p  _  .  y  .  ^  §i .  ^ gl/2k  .  w  (10.2) 

The  basic  field  equations  (10.1)  are  both  simple  and  elegant  in  form. 
In  practice,  we  usually  work  with  the  components  of  the  various  fields. 
Hence,  we  now  proceed  to  deduce  the  basic  field  equations  in  tensor 
components.  We  introduce  the  contravariant  and  covariant  components 
of  acceleration  (a^oq),  director  acceleration  (PSPi),  body  force  (b\bi), 
body  couple  (c*,Ci),  and  those  of  intrinsic  force  (k\ki)  as  follows. 

V  =  a'g'  =  Oigi  ,  w  =  pigi  =  Pigi 


b  =  bigi  =  bigi  ,  c  =  c‘gi  =  dig'  ,  k  =  k*gi  =  kigi 


(10.3) 


The  basic  field  equations  (10.1)  when  expressed  in  component  forms 
will  reduce  to 


a  :  P  +  -^P  =  0 
b  :  Ty|i  +  pbi  =  p(aj  +  y^^) 

c  :  s^  I  i  +  (pd  -  kJ)  =  p(y +  y^pi)  (10.4) 

d  :  eijn(d‘'  +  dSn,s™j  +  dikj)  =  eijn(xy-s"^im-kidj)  =  0 
e  :  pe  =  xyvjii  +  sywj|j  +  k*Wi  =  P 

while  the  expression  for  mechanical  power  density  P  takes  the  form 

pe  =  xy  Vj  I  i  +  sy  Wj  I  i  +  k^Wj  =  P  (1 0.5) 

With  reference  to  (10.4)d  we  observe  that  the  symmetry  of  the  stress  ten¬ 
sor  is  not  valid.  However,  because  eyk  is  skew-symmetric  with  respect 
to  i  and  j,  it  follows  that  the  quantity  in  the  parentheses  in  (10.4)(i  must 
be  symmetric  with  respect  to  i  and  j.  Hence  Ihe  quantities 


x'ij  =  xy  -  s^j^im  -  k*dl  (1 0.6) 

are  symmetric.  We  call  x'y  the  composite  assigned  symmetric  stress  ten¬ 
sor  or  simply  the  composite  symmetric  stress  tensor.  We  notice  that  in  the 
absence  of  the  director,  i.e., 


the  composite  symmetric  stress  tensor  reduces  to  the  classical  stress 
tensor.  It  can  be  shown  that  in  the  absence  of  the  micro-structure  and 
the  director  the  basic  field  equations  (10.4)  as  well  as  the  expressions  for 
power  reduce  to  those  of  classical  continuum  mechanics. 


11.  Constitutive  equations  for  nonlinear  elastic  composite  laminates 

Within  the  scope  of  the  theory  developed  in  ]  vious  sections,  we 
discuss  the  constitutive  relations  for  elastic  compos laminates  in  the 
presence  of  finite  deformation  and  in  the  context  of  purely  mechanical 
theory. 

We  recall  that  a  material  is  defined  by  a  constitutive  assumption 
which  characterizes  the  mechanical  behavior  of  the  medium.  The  con¬ 
stitutive  assumption  places  a  restriction  on  the  processes  which  are 
admissible  in  a  body  —  here  the  composite  laminate. 

We  recall  that  in  the  three-dimensional  theory  of  classical  (non¬ 
polar)  continuum  mechanics  and  within  the  context  of  purely  mechani¬ 
cal  theoiy  the  constitutive  relation  for  the  specific  internal  energy  and 
the  stress  tensor  of  an  elastic  body  can  be  expressed  as  follows 

¥*  =  ¥*('^j)  (11.1) 

We  now  proceed  to  deduce  the  counterparts  of  the  above  results  for 
an  elastic  composite  laminate.  To  this  end,  we  first  recall  the  expression 
forTij,  i.e.. 


~  Yji  — 2*  (Si  ’  8j  “  *  Gj  ) 


and  then  observe  the  following  relations*: 


ay*  _  Bwf* 


3y  _  * 


(11.3) 


Jud  =  il/  E 


Considering  the  constitutive  equations  for  the  stress  components 
i.e.. 


and  recalling  the  formula 


j*a  =  g*l/2^*aj*g.* 


and 


T«  =  J  T*“d^ 


af 

*  Operators  of  the  form  where  f  is  a  scalar  valued  function  of  a 

vector  X  =  x*gi  =  Xjg*  were  defined  earlier.  The  component  form  of 
this  operator  which  is  in  fact  the  gradient  operator  (derivative  opera¬ 
tor)  is  given  by 

_  af 


s' 


df  _  af 


we  obtain 


T“  =  T*«d4  = -^  (11-4) 

Next,  recall  the  formula 


S“  =  r  T*“4d^ 
^  0 


and  write 


s«  =  T‘%d%  =  -3I-  pV'^V’d^  (11-5) 

Now  recall  the  expression 

gWk  =  a^k  =  T*3  d4 

and  write 

gWk  =  g*i^*3jgj*d4  =  -^  /^  pV*  (11-6) 

We  notice  that  interlaminar  stress  vector  acts  as  an  applied  contact 
force  for  the  micro-structure.  Hence,  in  general,  the  constitutive  relation 
for  should  be  specified  directly.  This  means,  in  general,  unlike  T“ 
may  not  be  obtained  from  the  strain  energy  of  the  constituents. 

Consider  now  the  expression 

V  =  p‘g*''^V*(g^.d,d,a)d4  +  ¥(g3)  (11-7) 


where  the  arguments  of  i)/  have  been  defined  before  and  where  \|/(g3)  is 
a  suitable  function  of  §3.  Clearly,  in  view  of  kinematical  relations  of 
section  4,  the  function  \\r  can  be  regarded  as  a  function  of  the  variables 
gi,d  and  d^.  Therefore,  the  constitutive  equations  for  composite  laminate 
will  be  given  by 


¥  =  ¥(gi4,d.a)  (11.8) 

T‘  =  pg>«-^  (11.9) 

S‘  =  pg>«-^  (11.10) 

gI/2k  =  pgl/2^  (11.11) 


where  vanishes  identically  since  y  is  not  a  function  of  d  3.  The  above 
constitutive  equations  are  subject  to  condition  (lO.l)d. 


For  completeness,  w^also  record  the  component  forms  of  (11.9).  It 
is  clear  that  the  function  y  may  be  rewritten  as 

V  =  ¥(gi4,d.a)  =  y(r  i,d,d,a)  =  y(rn,  1  I  ct)  (11.12) 

With  the  help  of  the  expressions  for  P  and  S'  and  the  gradient  of  a 
scalar  valued  function  of  a  vector,  we  obtain 


Xij  =  p 


ddjii 


(11.13) 


(11.14) 


(11.15) 


ki  =  p 


These  are  the  component  forms  of  the  constitutive  equations  for  Ty,s^j 
and  along  with  the  condition  (10.4)d,  i.e., 

eijn{xy-s™U-kMj)=0 

which  is  imposed  by  the  principal  of  the  moment  of  momentum  of  the 
composite  laminate  and  must  be  satisfied  by  the  response  function  y. 

Before  proceeding  further,  we  obtain  an  alternative  form  of  constitu¬ 
tive  equations.  To  this  end  we  consider  the  expression  for  mechanical 
power,  i.e.. 


gl/2p  -  Ji .  y  .  ^  gi  .  ^  .  +  gl%  .  ^ 

and  by  taking  advantage  of  various  kinematical  relations  we  obtain 

P  =  (xij  -  -  kid^Tiji  +  s^iji  +  kMi  +  {ti  +  s^J'U  +  (11.16) 

The  last  term  on  the  right  hand  side  of  (11.16)  is  a  produce  to  a  sym¬ 
metric  and  a  skew-symmetric  tensor  component;  hence  it  vanishes  ident¬ 
ically  and  we  obtain 

P  =  (xiJ  ~  -  kjd»)Tiji  +  s^iji  +  k^di  (11.17) 

We  now  recall  the  expression  for  the  symmetric  composite  stress  tensor 
x'y  and  substitute  for  x'j  in  (1 1.17)  to  obtain 


p  =  x'Uriij  +  sy^ji  -I-  k^di 


(11.18) 


Recall  the  kinematical  variables 


Tfiij  ~  Y  (gi  *  gj  “  Gi  •  Gj)  -  Y  (gij  Gij) 

Yi  =  di-Di 

We  may  write 

•Wj  =  y  gij  =  y  (2ilij)  =  'Hij 

:^  =  Xij  (11.19) 

71  =  ^1 

The  expression  of  power  (11.17)  in  terms  of  the  kinematical  variables 
-fij,  USj  and  Yi  is 

pe  =  x'ij7Sj  +  s'j;jij  +  k>yi  =  P  (11.20) 

Rewriting  the  v  as  a  function  of  the  variables  "ftj,  and  y,,  i.e., 

V  =  V('«j.  %  Dj)  (11.21) 

we  obtain 


From  (1 1.20)  and  (1 1.22)  we  obtain 

Then  by  the  usual  procedure  in  continuum  mechanics  we  obtain 


12.  A  constrained  theory  of  composite  laminates 

So  far  our  development  of  the  continuum  theory  has  been  general 
and  without  any  restriction/condition  placed  on  the  kinematical  vari¬ 
ables.  Therefore  the  field  equations  and  the  constitutive  relations  are 
applicable  to  any  elastic  composite  laminate.  We  did  not  previously 
introduce  any  kinematical  constraints  to  keep  the  theory  general  enough 
so  that  it  could  be  utilized  for  various  physical  situations.  We  now  turn 
to  the  development  of  a  constrained  theory  of  our  continuum  model. 
First  we  derive  a  set  of  constraint  equations  for  the  composite  laminate. 
We  then  proceed  to  obtain  the  relevant  response  functions  induced  by 
the  constraint.  Finally  we  obtain  a  set  of  field  equations  in  terms  of  the 
displacement  and  effected  by  the  presence  of  the  constraints. 

We  impose  the  condition  that  plies  of  the  composite  laminate  do  not 
separate  from  or  slide  over  each  other  during  the  motion  of  the  compo¬ 
site  laminate.  This  means  the  displacement  vector  of  the  material  points 
thoughtout  the  body,  including  at  the  interface,  must  be  single  valued. 
Hence  we  require 


r(e“e3+A93)-r(e°e3)  (12.1) 

S2 

In  the  limit  when  ^2-^0  and  r(0®,0^  -I-  A0^)  r(0“  0^)  we  obtain 

g3  =  r3  =  d  (12.2) 

where  we  have  made  use  of  the  assumption 

A03  =  ^2  (12.3) 

Expression  (12.2)  implies  the  following  constraint  condition 


g“-d  +  g“-w  =  0  (a  =1,2) 


(jiga.  yi_ga.  w  =  0  (a  =1,2) 


(12.4) 


tlmg“gj“Vjli  -  g'“Wi  =  0 


For  a  composite  laminate  with  constraints  we  assume  that  each  of 
the  functions  and  are  determined  to  within  an  additive  constraint 
response  so  that 


'j'i  _  'jpi  _l_  'pi 

8^  =  8'  + Si  (12.5) 

k  =  k  +  k 

where 

fi  ,  Si  ,  k  (12.6) 

are  specified  by  constitutive  equations  and 

fi  ,  Si  ,  k  (12.7) 

which  represent  the  response  due  to  constraints  (12.4),  are  arbitrary 
functions  of  0\t,  are  workless  and  independent  of  the  kinematical  vari¬ 
ables  V  j,  W  j  and  w.  Thus,  recalling  the  expression  (10.2)  for  mechanical 
power,  we  set 


Ti  •  v^i  +  S‘ •  w^-f-gi/^k  •  w  =  0  (12.8) 


This  must  hold  for  all  values  of  the  variables  Vj,  w  j  and  w  subject  to  the 
constraint  condition  (12.4).  Multiplying  (12.4)  by  the  Lagrange 


multipliers  6(x(a  =  1,2)  and  subtracting  the  results  from  (12.8),  we 
obtain 


(fi  -  5ad‘g“)  •  v,i  +  si  •  W4  +  (gi^k  +  5ag“)  •  w  =  0  (12.9) 

From  (12.9)  and  the  fact  that  t^,  and  k  are  independent  of  v  j,  w  j  and 
w  it  follows  that 

fi  =  5adig“  (12.10) 

Si  =  0  (12.11) 

gl/2k  =  -5ag“  (12.12) 

Expressions  (12.10)  to  (12.11)  represent  the  constraint  response  induced 
by  the  constraint  equations  (12.4).  Substituting  these  into  linear 

momentum  equation  (lO.l)b  and  the  director  momentum  equation 
(lO.l)c,  we  obtain 

[f  i  +  6adig“],i  +  pgi^b  =  pgi/^(v  +  yiw)  (12.13) 

and 

S\i  +  pgi^c  -  [gi^k  -  5ag“]  =  pgi^(yiv  +  y^w)  (12.14) 
Introducing  the  following  temporary  variables  b  and  c  by 

b  =  b  -  (v  +  y^w) 


and 


c  =  c  -  (yiy  +  y^w) 


(12.15) 


from  (12.13)  and  (12.14)  we  obtain 


pg'Cb  +  Pi  -  (pg>«d‘e  +  dis\i  -  g‘«dik),i  =  0  (12.16) 

pg*/2d-e  +  d-Sij-g’^d-k  =  0  (12.17) 

A  .  A  ,  A 

Recalling  that  P’  and  k  are  specified  as  functions  of  various  kinemati- 
cal  variables,  it  is  clear  that  the  system  of  equations  (12.10)  to  (12.12), 
(12.16)  and  (12.17)  represent  two  equation*?  for  the  determination  of  the 
primary  unknowsn  v  (or  r  )  and  d. 

The  counterparts  of  (12.16)  and  (12.17)  in  component  form  are 
given  by 

=  (12.18) 

^j  =  0  (12.19) 

=  (12.20) 

and 

pfi  +  T'j  li  -  (pd'cJ  +  pd*s"™j|m  -  dikj),i  =  0  (12.21) 

pdjcJ  +  djgy  I  i  -  djkJ  =  0  ( 1 2.22) 

Again  recalling  that  s^J  and  k‘  are  specified,  by  constitutive  equations, 
as  functions  of  relevant  kinematic  variables. 


13.  Linearized  field  equations 


Recalling  the  usual  linearization  procedure  of  the  previous  section 
and  avoiding  the  introduction  of  additional  notations,  we  now  regard 
deformation  measures  as  infinitesimal  quantities  of  0(8).  We  omit  the 
details  since  it  is  a  straightforward  calculation  and  merely  record  the 
linearized  version  of  the  equations  of  motion  as  follows: 


't'jii  +  Pobj  =  Po(Uj  +  y'8j)  (13.1) 

S'j  I  i  +  (PoCj  -  kj)  =  Po(y'uj  +  y^Sj)  (13.2) 

eijn{t‘j  +  s„jAi„,  +  Dikj)=0  (13.3) 

where  the  vertical  bar  in  (13.1)  and  (13.3)  and  the  rest  of  this  section 
denotes  covariant  differentiation  with  respect  to  Gy.  We  also  note  that 
all  quantities  are  now  referred  to  the  base  vectors  Gj  of  the  reference 
configuration. 

Moreover,  upon  linearization  we  obtain 

T'ij  =  ti  -  -  D^kJ  (13.4) 

In  the  light  of  the  assumptions  stated  above  and  expression  (13.4),  the 
energy  equation  takes  the  form 


Poe  =  T%i  +  s'J!^  +  k^i  =  P 


(13.5) 


14.  Linear  constitutive  relations  for  elastic  composite  laminates 


This  section  is  concerned  with  the  derivation  of  the  constitutive  rela¬ 
tions  for  a  composite  laminate  in  terms  of  those  of  its  constituents.  In 
what  follows  we  assume  that  each  of  the  constituents  of  the  laminated 
composite  is  a  homogeneous  isotropic  elastic  material.  We  recall  that 
within  the  scope  of  the  linear  theory  all  kinematical  variables  are 
referred  to  the  reference  configuration.  Previously  we  showed  that  the 
strain  energy  function,  \|f  may  be  written  as 

V  =  V('«j.%Yi)  (14.1) 

We  assume  that  in  the  case  of  the  linear  theory  y  is  given  by  a  quadratic 
function  of  the  infinitesimal  kinematical  variables  and  Yi.  We 

also  recall  that  after  systematic  linearization  of  the  expression  for  power, 
we  obtained  for  the  linear  theory 

PoS  =  t‘jYji  +  s^!^  +  k^i  =  P  (14.2) 

and 


The  relationship  between  the  strain  energy  function  y,  per  unit  mass  of 
the  composite,  and  those  of  the  constituents  is  given  by 


(14.4) 


PoV  =  v(Po  v*)cl^  =  I  ^  p(po  v*)d^ 

«  n  •A 


=  /"  P(PoiVr)d4  +  t  P(P(J2V2  )d4 

^  o  ^hi 


(14.5) 


where  poi  and  po2  denote  mass  densities  of  the  constituents  and  ®2. 
We  recall  that  in  three-dimensional  linear  theory  of  elasticity  we  have 


Po¥*  -  Tij  y  ^ 


(14.6) 


(14.7) 


We  also  recall  that  for  isotropic  elastic  materials  we  have 


ErSi  =  +  p*(6'"6i„  +  6VS^m) 


(14.8) 


ry  =  -I-  G*‘"G*J™  +  i  G*yG  "^)Y^  (14.9) 

1  mV 


1*-  II* 


(14.10) 


For  an  explicit  set  of  constitutive  relations  the  integration  on  the  right 


hand  side  of  (14.5)  must  be  carried  out  using  (14.6)  for  poVK*.  Here  we 
remark  that  as  in  the  case  of  two  dimensional  theories  of  continuum 
mechanics  (such  as  plates  and  shells),  except  possibly  in  very  special 
cases,  it  appears  to  be  extremely  difficult  to  calculate  the  function  \\f  in 
(14.2)  form  the  strain  energy  function  \\f*  of  the  classical  three  dimen¬ 
sional  theory.  In  the  case  of  composite  materials  this  becomes  more 
complicated  due  to  the  existence  of  two  (or  more)  materials. 

Alternatively,  in  order  to  provide  constitutive  relations  in  which  the 
coefficients  are  related  to  elastic  constants  of  the  constituents  we  can 
make  use  of  the  so-called  specific  Gibbs  energy  function.  This  method 
proves  to  be  more  convenient  for  the  derivation  of  the  linear  constitutive 
equations  for  a  composite  laminate  and  will  be  described  in  the  next  sec¬ 
tion. 


15.  Linear  constitutive  relations  for  composite  laminates:  An  alter¬ 
native  procedure 

In  this  section  we  introduce  an  altemtive  procedure  for  the  deriva¬ 
tion  of  the  linear  constitutive  equations  for  a  composite  laminate.  The 
explicit  integration  of  (14.4)  in  most  cases  becomes  exceedingly 
difficult.  Here  we  provide  an  alternative  appproach  for  explicit  deriva¬ 
tion  of  the  constitutive  relations  (for  the  linear  theory  of  a  composite 
laminate)  in  which  the  coefficients  are  related  to  the  elastic  constants  of 
the  continuum. 

We  recall  that  the  constitutive  equations  of  the  classical  linear 
theory  of  elasticity  in  the  context  of  purely  mechanical  theory  may  be 
expressed  in  terms  of  the  three-dimensional  specific  Gibbs  free  energy 
function,  say  <|)*,  in  the  form 


yil=-poj^  (15.1) 

where  is  the  infinitesimal  strain  and  where  ())*  and  V}/*  are  related 
through 


4,‘  =  (t,V«)  =  V*(^j)  -  -X  (15.2) 

Po 


and  and  \|/*  are  quadratic  functions  of  their  arguments  and  both  also 
depend  on  the  reference  values  of  GjJ .  It  may  be  noted  that  the  function 
<|)*  defined  by  (15.2)  is  the  negative  of  the  expression  for  the  complimen¬ 
tary  energy  density.  We  now  recall  thst  the  Gibbs  function  for  an  ini¬ 
tially  homogeneous  and  isotropic  material  can  be  expressed  as 


PoV  =  (--^ 


Oim^jn  I" 


V 


GijG* 


mn 


(15.3) 


where  Gy  is  the  initial  metric  tensor,  E*  is  Young’s  modulus  of  elasticity 


and  V*  is  Poisson’s  ratio. 


Within  the  scope  of  the  linear  theory  and  corresponding  to  (12.6)  we 
define  a  composite  QibSs  free  energy  (or  a  "composite  complementary 
energy")  (|)  as  follows: 


(15.4) 


From  (15.2),  by  integration  with  respect  to  ^  between  zero  and  ^  and 
making  use  of  (14.6),  (15.2)  and  (15.4),  we  obtain 

<ti  =  V--^  (15.5) 

By  making  use  of  the  expressions  for  t*^,  ')^j,  the  expressions  for  various 
resultants  and  the  kinematic  assumptions  for  R  and  D,  we  can  express 
the  integral  in  (13.6)  in  terms  of  the  various  resultants  and  their 
corresponding  relative  kinematic  measures.  However,  as  before  the 
constitutive  relations  for  the  interlaminar  stress  vectors  T*  should  be 
specified  directly.  Keeping  this  and  expressions  (15.2)  and  (15.5)  in 
mind,  we  assume  the  existence  of  a  Gibbs  free  energy  function  (j),  such 
that 


Poiti  =  PoiK^j-sy-k*)  =  Po¥  -  +  kVi)  (15.6) 

From  (15.6)  and  the  expression  for  power  we  obtain 

(fij  +  Po  ■^)^^  +  ( +  Po  +  (Yi  +  Po  ■^)k'  =  0  (15.7) 

■^i  .  *  • 

where  we  have  assumed  the  rates  x%  s*J  and  k*  are  all  independent  and 
their  coefficients  are  rate  independent.  From  (15.7)  it  follows 


(15.8) 

We  note  that  the  relationship  between  the  Gibbs  energy  function  (|),  per 
unit  mass  of  the  composite,  and  those  of  the  constituents  is  given  by 

Po<l>  =  v(p  *(t>*)d4  =  1'^  n(poV)<l^ 
o  •'  o 


.^2 


H(Pol<l>r)d|  +  p(Po2<l>2)d^ 


(15.9) 


where  <()*  for  an  isotropic  elastic  material  is  given  by  (15.3).  The  explicit 
determination  of  the  various  coefficients  in  constitutive  relations  is 
beyond  the  scope  of  this  project  and  is  left  for  a  follow-on  project. 


16.  Constitutive  coefficients  for  an  initially  flat  composite  laminate 
in  bending 

Using  the  procedure  of  section  15,  in  this  section  we  obtain  explicit 
forms  for  constitutive  equations  in  linear  theory  of  composite  laminates 
with  initially  flat  thin  plies  of  uniform  thickness.  Here  we  confine  our 
attention  to  composite  laminates  composed  of  alternating  layers  of  only 
two  elastic  materials,  each  of  which  is  assumed  to  be  homogeneous  and 
isotropic.  It  should  be  mentioned  that  any  derivation  of  constitutive 
equations  from  three  dimensional  theory  involves  some  approximations 
and  special  assumptions. 

Prior  to  the  calculation  of  an  explicit  form  for  the  constitutive  equa¬ 
tion  we  need  to  dispose  of  certain  preliminaries.  To  this  end  we  con¬ 
sider  a  composite  laminate  and  assume  that  the  position  vector  P*,  of  the 
micro-body  *,  in  a  reference  configuration  is  given  by 

P*  =  R(ti«,03)  +  ^D(ti«,03)  (16. 1) 

We  recall  that  in  general  D  in  (1)  is  a  three-dimensional  vector  having 
components  D^D2,D^  in  the  direction  of  Gi,G2,G3.  However,  in  the 
reference  configuration  without  loss  of  generality  we  may  specify  D  by 

D  =  DA3  ,  Da  =  0  ,  D3  =  D(ll“,e3)  (16.2) 

where  A3  =  A3(t|“)  is  the  unit  normal  to  the  Cosserat  surface,  i.e.,  shell¬ 
like  micro-structure  at  composite  particle  P.  Here  we  make  the  further 
assumption  that  the  position  vector  R  and  the  director  D  in  the  reference 
configuration  are  given  by 

R(0“  03)  =  R(e“)  +  e3A3  (16.3) 


D  =  A3  ,  D„  =  0  ,  D3  =  D=1 


(16.4) 


In  view  of  (16.4)3  we  have 


^  =  C  (16.5) 

in  the  reference  configuration.  Hence  (1)  may  be  written 

P*  =  R(ti“  03)  +  ^A3(ti“  03)  (16.6) 

The  base  vectors  G*  (i  =  1,2,3)  are  obtained  from  (16.6)  and  are  given 
by 

G‘  =  iiaAy  ,  G3*  =  A3  (16.7) 

where 


=  (16.8) 

In  the  case  of  a  flat  plate  =  0  and  (16.7)  reduces  to 

Ga  =  Aa  ,  G3*  =  A3  (16.9) 

Recall  the  Gibbs  function  (()*  for  an  initially  homogeneous  and  isotropic 
elastic  material,  i.e., 


Po  =  {-  Gi*n,Gj*„  +  ^  GijGDx'VT*™  (16.10) 


We  now  expand  each  term  on  the  right-hand  side  of  (16.10)  considering 
the  second  term.  Thus,  after  making  use  of  (16.9)  and  corresponding 
expressions  for  Gjj ,  we  obtain 

GijGlx’ijx"'"  =  AapA^X*“Px*V«  +  2Aa|3X*“Px*33  +  (x*33)2  (16.i i) 


and 


+  2A„pT*“3T*B3  +  (x*33)  (16.12) 


Substituting  (16.11)  and  (16.12)  into  (16.10),  we  obtain 
p„*(|)*  =  ^  {qiV*A„pA^-q2(l+v*)A<^p8)T*“PT‘i« 

+  i  Aap{q3vV“PT*^^  -  q4(l+V*)T*“3T*P3 

Juf 

-^q5(i:*33)2  (16.13) 

Coefficients  qi  to  q5  are  assumed  to  be  constants  and  may  be  used  as 
tracers  for  each  terms  or  calibrating  factors  if  such  need  arises.  Other¬ 
wise  these  coefficients  can  be  put  equal  to  unity.  We  call  these  "calibra¬ 
tion  coefficients." 

Introducing  (16.13)  into  (15.4)  and  recalling  that  for  an  initially  flate 
plate  we  have  we  obtain 


Po<l>  =  qiAapAvS  (/„'  X*“PT*l6d^  +  ^  t*“l3Tl«dO 


,hi 


“Q2Aay^p5(j  (l+vf) 


^3A^(t  S  X-“Px*33dC  + /"f '  ^  X*“Px*33dO 

0  xij 


hi  Ef 


o  E 


P^dC  +  f’^i^tWPSdO 

*'  hi  b2 


In  order  to  calculate  an  expression  for  (J)  in  the  form  (16.14),  we  need  to 
introduce  suitable  assumptions  for  the  stress  T*^  in  terms  of  composite 
stress  T^j,  composite  couple  stress  s^  and  composite  intrinsic  force  t^ 
defined  in  (16.14). 

Since  the  two-dimensional  equations  governing  the  behavior  of  the 
micro-structure  separate  into  those  for  bending  and  extensional  cases,  it 
is  instructive  to  carry  out  the  calculation  for  (j)  in  two  parts.  Thus, 
employing  again  the  same  symbol  for  a  function  and  its  value,  we  write 

<l>  =  <|)b+<t>e  (16.15) 

where  (|)b  and  <|)e  are  associated  with  the  bending  and  extensional  cases, 
respectively.  We  therefore  proceed  to  calculate  the  expressions  for  po(|)b 
and  pQ({)g. 


Considering  the  case  of  bending,  we  introduce  the  following  expres¬ 
sions  for  stresses 


T*“P  =  ( 


(hi+hj)^  (hi+h2)/2  •’ 


12s“P 

(hi+h2)3 


(C-hi) 


X*a3  _  ^*3a  _  ( 


2(hi+h2) 


)(!-( 


C-h, 


(hi+h2)/2 


)2) 


3 

"  2(hi-hh2) 


X«3(l  -  ( 


2(C-hi) 

(hi-l-h2) 


(16.16) 


x**  =  0 


Introducing  (16.16)  into  (16.14)  after  a  lengthy  process  we  obtain 


Po't>  =  ‘ll  -It  IT  n^)AapA^s“Ps'l* 


V2 


-q2-^( 


24  '  n?  +  iip-  n|)A„yAp5s“PsT« 


q4  ^  [(n,  -  f  n?  +  ^  nf) 


+  (^2  -  -j  4-  n|)  " 


E2 


(16.17) 


where  we  have  introduced  the  following  notations 


For  simplicity  we  introduce 


C4  =  q4^[(-^ni  +  -ig?-n2) 


I+V2 


(16.18) 

8  ,  l+Vi*  .  1+V2* 


3  ^  El* 


E2 


n^) 


Making  use  of  (16.18)  we  may  write  (16.17)  as  follows 

Po  =  (Cl  AapA^  -  C2Ac^p5)s“PsT«  -  C4A„pT^xP3  (16. 19) 


17.  Constitutive  coefficients  for  an  initially  flat  composite  laminate 
in  extension 

Consider  the  assumptions  and  development  in  section  16,  we 
proceed  to  obtain  the  relevant  constitutive  coefficients  for  an  initially 
flat  composite  laminate  in  extension.  Guided  by  the  theory  of  Cosserat 
surface  we  introduce  the  following  expressions  for  stresses 

^  "  hi+h2 

-.*a3_T.*3a_  15  ^a3  f  \3i  n?  n 


t*33  _ 

V  1.  .  1_ 


hi+h3 


Introducing  (17.1)  into  (16.14)  we  obtain: 


=  qi  ^  (|V  n,  +  ^  n2)A„pA^x«M 


^  n2)A(^pgT“PTi« 


4< 

1  /Vl  V2 


^ If  ^  n2)AapX«Pk3 


.  900  r  1  /  l+vf  ^3  . 

^4-j^[3-  (-^  n?  + 


1+V2* 


-  8  nf  +  nf  +  nf) 

5^  El  Ef  E2 


“T  ^“Ip"  “‘‘  n^)]Aaps“3sP3 


(17.2) 


For  simplicity  we  introduce 


^  \  .  l+Vf  I+V2  v 

1^2  -  Q2  ^  (-£y~  ni  H - g|—  02) 


D3  =  q3-^4n.  +  |-„3) 


(17.3) 


r.  900  r  1  .  I+Vf  „3  .  I+Vl  _3^ 
D4-q4-p-[y  (^1^  n?+-^n^) 


8  /  1+''*  „5  J.  l+''2  „5^ 

■T(^"^+-Er 


_L  16  /  1+V*  7  I+V2* 

+  —  ( -£*  nf  +  -gj-  ^2)] 


(17.4) 


Po(|)  =  (DjAapA^  -  D2AayAp5)T“PTT®  +  D3Aap-c“Pk3 
-  D4A(^s“3sP3  -  D5(k3)2 


